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Srolf| P|rsld4
Devwudfw
Wklv sdshu ghyhorsv d wkhru| ri srolf| p|rsld1 Srolf| p|rsld dulvhv zkhq udwlrqdo
yrwhuv vhw shuirupdqfh vwdqgdugv wkdw doorz hohfwhg srolwlfldqv wr glvwruw wkh sruwirolr
ri sxeolf lqyhvwphqwv wrzdugv vkruw0whup lqyhvwphqwv1 Zh vkrz wkdw wkh idfw wkdw
yrwhuv fdqqrw revhuyh lpphgldwho| krz pxfk srolwlfldqv lqyhvwhg lq fhuwdlq w|shv
ri sxeolf jrrgv lv qrw lq lwvhoi vx!flhqw wr jhqhudwh srolf| p|rsld1 Srolf| p|rsld/
wkhq/ dulvhv lq vrflhwlhv zkhuh hohfwrudo frqwuro lv lpshuihfw ru lq vrflhw| zkhuh wd{
uhyhqxhv fdqqrw eh frpplwwhg lq dgydqfh1 Wkh dqdo|vlv lv prwlydwhg e| d qxpehu
ri vw|ol}hg idfwv derxw sxeolf vshqglqj sdwwhuqv dfurvv wlph dqg vsdfh1
Nh|zrugv= P|rsld> sxeolf jrrgv> hohfwrudo dffrxqwdelolw|1
MHO Fodvvlfdwlrq= G:5> G;51
L1 Lqwurgxfwlrq
Duh ghprfudwlf jryhuqphqwv olnho| wr eh vkruw0whuplvw lq wkhlu srolflhvB Vkrxog udwlr0
qdo yrwhuv wrohudwh/ ru hyhq h{shfw wkhlu hohfwhg uhsuhvhqwdwlyhv wr ehkdyh p|rslfdoo|B
Lq wklv sdshu/ zh hydoxdwh wkhvh txhvwlrqv/ wdnlqj rq erdug vrph vw|ol}hg idfwv ri
sdwwhuqv ri sxeolf h{shqglwxuh ryhu wlph dqg dfurvv frxqwulhv wkdw glhu lq wkh ghjuhh
ri ghprfudwlf yrlfh1
P|rslf srolflhv fdq wdnh pdq| irupv1 Vrph lqgxfh vkruw krul}rqv iru wkh
sulydwh vhfwru/ ehfdxvh ri surwv wd{dwlrq/ ru lqgxvwuldo uhjxodwlrq wkdw lqfuhdvhv wkh
frvw ri hqwu| iru qhz upv +Sduhqwh dqg Suhvfrww/ 5333,1 Jryhuqphqwv pd| eruurz
wrr pxfk/ hvshfldoo| zkhq wkh| duh olnho| wr orvh hohfwlrqv iru rwkhu uhdvrqv dqg
zdqw wr fkdqjh wkh frqvwudlqw vhw ri ixwxuh srolwlfldqv +Shuvvrq dqg Vyhqvvrq/ 4<;</
Dohvlqd dqg Wdehoolql/ 4<<3,1 Srolflhv pd| ryhuuhdfw wr fxuuhqw hyhqwv/ dqg ehfrph
frvwo| wr uhyhuvh zkhq wkh hqylurqphqw fkdqjhv/ dv lq uhiruplqj ixqglqj sdwwhuqv
ri vrfldo vhfxulw| gxulqj d vwrfn0pdunhw errp/ ru lqwurgxflqj fdslwdo frqwurov lq wkh
zdnh ri fxuuhqf| fulvhv/ dqg lqh!flhqw srolflhv pd| eh doorzhg wr shuvlvw +Frdwh
dqg Pruulv/ 4<<<,1 D vkruw0whup eldv fdq dovr dulvh zkhq jryhuqphqwv wu| wr sohdvh
yrwhuv ehiruh hohfwlrqv +Qrugkdxv/ 4<:8,1 Dowkrxjk udwlrqdo yrwhuv vkrxog eh deoh
wr vhh wkurxjk vxfk vwudwhjlhv/ lpshuihfw lqirupdwlrq derxw wkh srolf| hqylurqphqw
ru wkh lqwhqwlrqv ri srolwlfldqv fdq ohdg wr vlplodu lqh!flhqflhv +Urjr/ 4<<3> Frdwh
dqg Pruulv/ 4<<8,1 Ilqdoo|/ udwlrqdo yrwhuv pd| qg lw gl!fxow wr prwlydwh wkhlu
srolwlfldqv wr lpsohphqw srolflhv wkdw hqwdlo vkruw0whup frvwv exw jhqhudwh orqj0whup
ehqhwv vlpso| ehfdxvh wkh srolwlfldq wkdw ehduv wkh frvwv pd| qrw eh lq r!fh zkhq
wkh ehqhwv duh hqmr|hg +Jhuvedfn/ 4<<;,1
Lq wklv sdshu/ zh hydoxdwh d gluhfw frqvhtxhqfh ri p|rsld= jryhuqphqwv xqghu0
lqyhvw lq orqj0whup sxeolf jrrgv1 Wklv lv/ ri frxuvh/ xqghu0lqyhvwphqw uhodwlyh wr vrph
4
Zh zrxog olnh wr wkdqn wkh HVUF iru uhvhdufk vxssruw xqghu wkh Xqghuvwdqglqj wkh Hyroylqj
Pdfurhfrqrp| uhvhdufk surjudp +judqw= O46;584339,1 Wkh ylhzv h{suhvvhg khuhlq duh wkrvh ri
wkh dxwkruv dqg gr qrw qhfhvvdulo| uhsuhvhqw wkrvh ri wkh Lqwhuqdwlrqdo Prqhwdu| Ixqg1 Zh kdyh
ehqhwhg iurp frpphqwv iurp Vwhskhq Pruulv/ Qlfrod Shuvlfr/ Urjhu Edfnkrxvh/ Ydqld Vhqd/ Odxud
Pduvloldql/ Mrkq Kdugpdq Prruh/ Wlprwk| Jxlqqdqh/ Mr}vhi Vdnrylfv/ Kdplvk Orz dqg qxphurxv
vhplqdu sduwlflsdqwv1 Zh dovr wkdqn Nduo|jdvk Nxudoed|hyd iru uhvhdufk dvvlvwdqfh1
4
qrup1 Lq wkh dqdo|vlv/ zh frpsduh lqyhvwphqw sdwwhuqv ri ghprfudwlf jryhuqphqwv
wr g|qdplfdoo| h!flhqw sdwkv fkrvhq e| d ehqhyrohqw sodqqhu1 Iru d srvlwlyh wkhru|
ri sxeolf h{shqglwxuhv/ wkh ehqhyrohqw sodqqhu lv d p|wk1 Qhyhuwkhohvv/ dq| vxfk
srvlwlyh wkhru| vkrxog h{sodlq v|vwhpdwlf ghsduwxuhv iurp h!flhqf|1 Lq ghprfudwlf
vrflhwlhv/ rqh pljkw dvn zk| zrxog wkh hohfwrudwh hohfw/ dqg uh0hohfw jryhuqphqwv
sxuvxlqj p|rslf srolflhvB Wr uhskudvh wkh txhvwlrq/ duh wkhuh flufxpvwdqfhv zkhuh
yrwhuv fdqqrw gr ehwwhu wkdq wr dffhsw vrph dprxqw ri vkruw0whuplvp/ wkdw lv/ fdq
srolwlfdo p|rsld eh frqvwudlqhg h!flhqwB Gr zh h{shfw wr revhuyh fkdqjhv lq vhfrqg0
ehvw p|rsld dfurvv frxqwulhv ru ryhu wlphB
Lw lv xvhixo wr orrn dw vrph idfwv uvw1 Dq hduo|/ dqg hortxhqw dujxphqw wkdw v|v0
whpdwlf xqghu0lqyhvwphqw ohg wr sxeolf vtxdoru lq wkh plgvw ri sulydwh survshulw|
zdv pdgh e| Jdoeudlwk +4<9<,1 Vlqfh wkhq/ wkh jurzwk ri jryhuqphqw h{shqglwxuhv
kdv ehhq d vwulnlqj ihdwxuh ri prvw lqgxvwuldo ghprfudflhv1 Dv Wdq}l dqg Vfkxnqhfkw
+5333= Wdeoh L14, grfxphqw/ jhqhudo jryhuqphqw h{shqglwxuh dv d shufhqwdjh ri JGS
juhz iurp 5;( lq 4<93/ wr ryhu 78( lq 4<<9/ lq 4: lqgxvwuldo frxqwulhv zlwk frp0
sdudeoh h{shqglwxuh gdwd1 Lw zrxog vhhp/ dw uvw sdvv/ wkdw wkh uxpruv ri sxeolf
vtxdoru zhuh jurvvo| h{djjhudwhg1 Wkh idfw wkdw jryhuqphqwv juhz udslgo| grhv qrw
vd| yhu| pxfk derxw zkhwkhu wkh| duh wrr odujh ru wrr vpdoo/ krzhyhu1 Rqh pljkw
qhyhuwkhohvv eh whpswhg wr ghgxfh wkdw wkh h{whqw ri xqghu0lqyhvwphqw kdv idoohq lq
wkh irxu ghfdghv iroorzlqj 4<931 Wkdw ghgxfwlrq zrxog eh idovh> wkh udslg jurzwk
ri jryhuqphqw vlqfh 4<93 lv gxh doprvw hqwluho| wr lqfuhdvhv lq wudqvihu sd|phqwv/
lqfoxglqj xqhpsor|phqw ehqhwv/ shqvlrqv/ dqg surgxfhuv* vxevlglhv1 Wkhvh wudqv0
ihuv fdq eh wkrxjkw ri dv wd{hv sdlg edfn wr wkh sulydwh vhfwru> wkh uhpdlqlqj wd{
uhyhqxh lv dydlodeoh iru wkh surgxfwlrq ri sxeolf jrrgv/ srvvleo| vsuhdg ryhu wlph
e| eruurzlqj1 Wkh lpsolfdwlrq lv wkdw wkh qhw vl}h ri jryhuqphqw/ phdvxuhg dv wd{
uhyhqxhv plqxv wudqvihuv dqg vxevlglhv wr wkh sulydwh vhfwru/ kdv ehhq yluwxdoo| frq0
vwdqw gxulqj wkh sdvw 63 |hduv1 Wr looxvwudwh/ Iljxuh  vkrzv wzr phdvxuhv ri wkh qhw
vl}h ri +fhqwudo, jryhuqphqw lq d jurxs ri 56 RHFG frxqwulhv iurp 4<:30<< dorqj
zlwk wkh wzr vwdqgdug phdvxuhv ri wkh jurvv vl}h ri jryhuqphqw +wrwdo wd{ uhyhqxhv
+A*t , dqg wrwdo h{shqglwxuh +C*A ,/ erwk rxw ri JGS,1 Wkh uvw qhw vl}h phdvxuh
+A*t , lv wkh glhuhqfh ehwzhhq wd{ uhyhqxhv dqg fhqwudo jryhuqphqw vshqglqj
rq vrfldo vhfxulw| dqg zhoiduh/ zkloh wkh vhfrqg +A2*t , lv wkh glhuhqfh ehwzhhq
wd{ uhyhqxhv dqg fhqwudo jryhuqphqw vshqglqj rq vxevlglhv dqg wudqvihuv wr wkh sul0
ydwh vhfwru15 Wkh slfwxuh lv idluo| fohdu= zkloh wkh jurvv vl}h ri jryhuqphqw/ rq
dyhudjh/ lqfuhdvhg vxevwdqwldoo| ehwzhhq 4<:3 dqg 4<<</ lwv qhw vl}h zdv yluwxdoo|
frqvwdqw/ durxqg 48( ri JGS1 Ri frxuvh/ wkhuh lv yduldwlrqv dfurvv frxqwulhv/ zlwk
vrph h{shulhqflqj d idoolqj dqg vrph h{shulhqflqj dq lqfuhdvlqj qhw vl}h +vhh Wdeoh
4,/ exw wkh idfw uhpdlqv wkdw wkh olrq*v vkduh ri wkh h{sdqvlrq ri jryhuqphqw lq wkh
lqgxvwuldo zruog ryhu wkh odvw 63 |hduv lv dffrxqwhg iru e| jurzwk lq wudqvihu dqg
zhoiduh surjudpv1
Wkh idfw wkdw wudqvihuv lqfuhdvhg udslgo| hyhq dv vshqglqj rq sxeolf jrrgv uh0
pdlqhg vwdjqdqw lv lpsruwdqw iru wzr uhdvrqv1 Iluvw/ fxwv lq sxeolf h{shqglwxuh
fdqqrw eh dwwulexwhg wr uhyhqxh frqvwudlqwv1 Vhfrqg/ wudqvihuv duh rqh ri vhyhudo
phwkrgv ri uhglvwulexwlrq> hduolhu lq wkh fhqwxu|/ jryhuqphqwv ri wkhvh frxqwulhv w|s0
lfdoo| lqyhvwhg lq khdowk/ hgxfdwlrq/ dqg krxvlqj iru uhglvwulexwlrq sxusrvhv +Olqghuw/
5
Wkdw lv/ zh dgmxvw iru wudqvihuv wkdw jr wr orfdo +ru vwdwh, jryhuqphqw dqg deurdg1
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Iljxuh 4= Wkh Vl}h ri Qhw dqg Jurvv +fhqwudo, Jryhuqphqw lq 56 RHFG frxqwulhv/
4<:304<<<1
frxqwu| A
t
A
t
A2
t
A
t
A
t
A2
t
4<:3 4<<<
Dxvwudold 4<15 4816 4618 5417 4619 4518
Dxvwuld 5:14 451; 4517 6518 4716 4519
Ehojlxp 6618 4;1< 4914 7514 11 11
Fdqdgd 471: 431: <19 4;13 4314 <16
Ghqpdun 651: 5316 5;1: 661; 4;13 561<
Ilqodqg 5716 4;16 4715 591< 4714 <17
Iudqfh 641; 4;1: 451; 6:19 4;14 451;
Jhuqdp| 5619 451; 451< 5<18 4519 451:
Juhfh 5619 481: 531: 4<15 471; 481:
Luhodqg/ wkh Uhs1 ri 5:1: 11 11 631: 541< 4415
Lfhodqg 5818 531< 461; 5817 4<14 4:1;
Lwdo| 5614 441; 81: 6:1< 11 11
Nruhd/ wkh Uhs1 ri 4618 4513 4417 4918 4817 461<
Ox{hperxuj 5<14 4915 4718 6<18 4<14 4:16
Ph{lfr <19 11 11 451; <154 719
Qhwkhuodqgv 7419 5819 5518 7413 5617 4;19
Qruzd| 6715 551< 461; 6518 4<1: 481;
Sruwxjdo 5616 4718 <17 6319 11 11
Vsdlq 4913 :1< 4318 5;16 4716 4518
Vzhghq 5919 491< 4917 6516 481; 4515
Vzlw}huodqg 461; ;13 :1: 5419 ;1; 431:
Xqlwhg Nlqjgrp 6616 5417 4:1< 6516 531: 5316
Xqlwlhg Vwdwhv 491: 431: <1< 4:1; 461< 4316
Dyhudjh 5719 481; 4713 5;1: 481; 461:
Vrxufh= LPI/ Jryhuqpdqw Ilqdqfh Vwdwlvwlfv \hduerrn/ ydulrxv |hduv1
Qrwh= W @ wd{ uhyhqxhv> QW4 @ W 0 vshqglqj rq vrfldo vhfxulw| dqg zhoiduh>
QW5 @ W 0 vxevlglhv dqg wudqvihuv wr wkh sulydwh vhfwru> \ @ JGS1
Wdeoh 4= Wkh Qhw dqg Jurvv Vl}h ri Jryhuqphqw lq 56 RHFG Frxqwulhv/ 4<:3 dqg
4<<<1
6
Ghs1 yduldeoh *L}EA-
t
 *L}EC
t
 *L}EuC
t

JSe
4173r
+1;4,
04133WW
+16:,
041:3WW
+188,
orj+C(

,
14:
+149,
0137
+139,
014<W
+313;,
J,_
71;3WW
+4187,
04166
+1;8,
0187
+4176,
orj+RJR,
03139
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0147WW
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+138,
orj+A
t
,
4198WW
+15;,
1<<WW
+14:,
15;
+156,
orj+JRe?,
0167W
+149,
0143
+144,
14;
+147,
U2 1:8 18< 175
Q 9; ;4 ;3
Qrwh= -- @ vljqlfdqw dw wkh 4( ohyho> - @ vljqlfdqw dw
wkh 8( ohyho> & @ vljqlfdqw dw wkh 43( ohyho1 Urexvw
vwdqgdug huurv lq sduhqwkhvlv1 Doo uhjuhvvlrqv hvwlpdwhg
zlwk ROV dqg frqvwdqw whup1 Vhh Dsshqgl{ iru gdwd vrxufhv1
Wdeoh 5= Uhjuhvvlrq Uhvxowv
4<<7> Dlgw hw do1/ 5335,1 Wkhvh uhtxluh orqj0whup lqyhvwphqw/ vr wkdw wkh pryh wr
wudqvihuv vwduwlqj lq wkh 4<63v dqg dffhohudwlqj lq 4<93v fdq lwvhoi eh d vljq ri p|0
rsld1 Wkh devhqfh ri gluhfw wudqvihuv iurp wkh jryhuqphqw wr wkh sulydwh vhfwru ehiruh
Zruog Zdu L dovr vxjjhvwv wkdw wkhuh kdv ehhq vrph jurzwk lq wkh qhw vl}h +dv zhoo
dv lq wkh jurvv vl}h, ri jryhuqphqw lq lqgxvwuldo vrflhwlhv ryhu wkh orqjhu whup/ iurp
ehorz ;( ri JGS dw wkh wxuq ri wkh 4<wk fhqwxu| wr wkh fxuuhqw 48( +Dlgw hw do1/
5335= Wdeoh 9,1
D vhfrqg slhfh ri hylghqfh frphv iurp frpsdulqj sdwwhuqv ri sxeolf h{shqglwxuh
dfurvv wkh zruog wrgd|1 Lq d uhfhqw vwxg|/ Odvvhq +5333, uhsruwv wkdw wkh vl}h ri
jryhuqphqw fdq eh h{sodlqhg zhoo e| dq lqglfdwru ri ghprfudwlf dffrxqwdelolw| wkdw
zh vkdoo fdoo JSe1 Wkh lqglfdwru lv frqvwuxfwhg e| d uhvhdufk whdp dw wkh Zruog
Edqn dqg grfxphqwhg lq Ndxipdq hw do1 +4<<<d/ 4<<<e,1 Pruh vshflfdoo|/ Odvvhq
+5333, qgv wkdw vrflhwlhv zlwk pruh +ru ehwwhu, ghprfudwlf yrlfh whqg wr kdyh odujhu
jryhuqphqwv dv phdvxuhg e| wrwdo wd{ uhyhqxhv udlvhg e| jhqhudo jryhuqphqw +dv
d sursruwlrq ri JGS,1 Kh dujxhv wkdw wklv pd| eh vr ehfdxvh udwlrqdo yrwhuv duh
zloolqj wr wuxvw wkhlu srolwlfldqv zlwk pruh ixqgv lq vrflhwlhv zkhuh hohfwlrqv surylgh
d pruh hhfwlyh dffrxqwdeoh phfkdqlvp1
Lq Wdeoh 2/ zh uhsruw wkh uhvxowv ri furvv0frxqwu| uhjuhvvlrqv iru d vdpsoh ri
derxw ;3 frxqwulhv lq 4<<9/ orrnlqj iru wkh lpsdfw ri JSe rq glhuhqw w|shv ri
fhqwudo jryhuqphqw h{shqglwxuhv16 Zh glvwlqjxlvk ehwzhhq wudqvihu sd|phqwv +A-
t
,
phdvxuhg dv vshqglqj rq vrfldo vhfxulw| dqg zhoiduh> h{shqglwxuhv rq sxeolf jrrgv
+C
t
, phdvxuhg dv vshqglqj rq jrrgv dqg vhuylfhv> dqg vshqglqj rq orqj0whup sxeolf
jrrgv +uC
t
 phdvxuhg dv fdslwdo h{shqglwxuhv/ doo uhodwlyh wr JGS +t ,1 Zh frqwuro
iru wkh idfw wkdw frxqwulhv wkdw uxq d odujh jryhuqphqw ryhudoo duh olnho| wr vshqg
6
Wkh Gdwd Dsshqgl{ frqwdlqv ghwdlohg lqirupdwlrq rq l, wkh phdvxuh ri ghprfudwlf frqwuro +yrlfh,>
ll, wkh rwkhu yduldeohv xvhg lq wkh uhjuhvvlrq dqdo|vlv> dqg lll, wkh urexvwqhvv ri wkh uhjuhvvlrq uhvxowv
wr fkdqjhv lq vshflfdwlrq dqg wr wkh fkrlfh ri vdpsoh vl}h1
7
pruh rq doo fdwhjrulhv e| lqfoxglqj d vl}h ri jryhuqphqw yduldeoh +wd{ uhyhqxhv rxw
ri JGS/ A
t
,1 Zh dovr lqfoxgh d qxpehu ri rwkhu olnho| ghwhuplqdqwv ri jryhuqphqw
h{shqglwxuh= uhdo JGS shu fdslwd dw lqwhuqdwlrqdo sulfhv +C(

,> wkh sursruwlrq
ri wkh srsxodwlrq djhg deryh 98 +J,_,> wkh vl}h ri wkh wrwdo srsxodwlrq +RJR,> dqg d
phdvxuh ri rshqqhvv wr wudgh +JRe?,/ vxjjhvwhg e| Urguln +4<<;,1 Zh qg wkdw JSe
lqfuhdvhv vshqglqj rq wudqvihuv/ exw pruh vxusulvlqjo| wkdw lw uhgxfhv h{shqglwxuhv
rq sxeolf jrrgv/ erwk vkruw0whup dqg orqj0whup sxeolf jrrgv1 Wkh uvw uhvxow lv wr
eh h{shfwhg/ dv suhvvxuhv wr uhglvwulexwh duh pruh olnho| wr eh hhfwlyh li jryhuqphqwv
duh pruh uhvsrqvlyh wr wkhlu frqvwlwxhqwv +Phow}hu dqg Ulfkdug/ 4<;4,1 Wkh vhfrqg 
wkdw pruh ghprfudwlf vrflhwlhv vshqg ohvv rq sxeolf jrrgv  lv pruh ri d sx}}oh/ dqg
lv rqh ri wkh idfwv zh vhhn wr h{sodlq17 Wklv lv vxuho| d srlqwhu wr srolf| p|rsld1
Lq rxu wkhru|/ srolwlfldqv lq srzhu fdq glyhuw wd{ uhyhqxhv wrzdugv vshqglqj
wkdw lv rqo| ru prvwo| ri ydoxh wr wkhpvhoyhv1 Wkh idfw wkdw ixqgv fdq eh glyhuwhg
jhqhudwhv uhqwv iurp kroglqj sxeolf r!fh dqg fuhdwhv d frq lfw ri lqwhuhvw ehwzhhq
wkh hohfwrudwh dw odujh dqg wkhlu hohfwhg srolwlfldqv +Shuvvrq hw1 do1/ 4<<:,1 Wklv dorqh
grhv qrw lqgxfh p|rslf ehkdylru ehfdxvh srolwlfldqv fdq glyhuw ixqgv iurp doo irupv
ri sxeolf vshqglqj1 Lq d ghprfudf|/ wkh hohfwrudwh fdq olplw zdvwhixo sxeolf vshqglqj
e| vhwwlqj shuirupdqfh vwdqgdugv iru zkdw lv uhtxluhg wr jdlq uhhohfwlrq +Ihuhmrkq/
4<;9,1 Wkh sureohp/ krzhyhu/ lv wkdw wkh hohfwrudwh fdq rqo| revhuyh wkh ohyho ri
dfwxdo rxwsxw1 E| frpsdulqj wklv zlwk uhsruwhg lqsxwv/ wkh| fdq ghgxfh wkh h{whqw
ri zdvwh/ dqg glvplvv srolwlfldqv zkr kdyh glyhuwhg wrr pdq| ixqgv1 Iru wklv uhdvrq/
srolwlfldqv duh fduhixo zkhuh wkh| vwhdo iurp> wkh| duh pruh olnho| wr eh fdxjkw
glyhuwlqj ixqgv iurp vkruw0whup surmhfwv/ dv rxwfrphv duh revhuyhg pruh ru ohvv dw
wkh vdph wlph dv h{shqglwxuhv1 Orqjhu whup surmhfwv  wkdw wdnh 8 ru 43 |hduv wr
pdwxuh  duh vdihu wr vwhdo iurp/ dv wkh srolwlfldq pd| eh deoh wr frqylqfh yrwhuv
wr uhhohfw klp lq lqwhuphgldwh hohfwlrqv1 Yrwhuv/ ri frxuvh/ uhdol}h wklv/ dqg zh pljkw
h{shfw wkhp gholehudwho| wr dvn srolwlfldqv wr eh p|rslf lq wkh vhqvh ri surylglqj d
sruwirolr ri sxeolf jrrgv zlwk dq ryhu0hpskdvlv rq vkruw0whup sxeolf surmhfw1 Zh
xvh wkh whup srolf| p|rsld wr uhihu wr vlwxdwlrqv lq zklfk wklv kdsshq1
Zh pdnh wzr ixqgdphqwdo dvvxpswlrqv uhjduglqj wkh surylvlrq ri sxeolf jrrgv1
Iluvw/ yrwhuv fdqqrw revhuyh wkh lqyhvwphqwv lq sxeolf jrrgv pdgh e| srolwlfldqv
gluhfwo|/ exw kdyh wr lqihu krz pxfk zdv lqyhvwhg e| revhuylqj dfwxdo surylvlrq
ohyhov1 Vhfrqg/ dv dooxghg wr deryh/ zh pdnh d glvwlqfwlrq ehwzhhq wzr w|shv ri
sxeolf jrrgv1 Lqyhvwphqwv lq vkruw0whup sxeolf jrrgv ohdg wr lpphgldwh surylvlrq ri
vhuylfhv/ zkloh lqyhvwphqwv lq orqj0whup sxeolf jrrgv ohdg wr surylvlrq rqo| zlwk d
wlph odj1 Wklv lpsolhv wkdw yrwhuv fdqqrw revhuyh lpphgldwho| krz pxfk lv lqyhvwhg
lq wkh orqj0whup jrrg1 Lq uhdolw|/ qrw doo sxeolf vhuylfhv idoo qhdwo| lqwr wkhvh wzr
fdwhjrulhv dqg lq pdq| fdvhv/ fodvvlfdwlrq lv d pdwwhu ri ghjuhh1 Qhyhuwkhohvv/ sxeolf
vshqglqj rq wudqvihuv dqg vrfldo vhfxulw| prvwo| idoov lqwr wkh fdwhjru| vkruw0whup
sxeolf jrrgv/ zkloh vshqglqj rq hgxfdwlrq/ khdowk/ dqg sxeolf fdslwdo zrxog prvwo|
eh vshqglqj rq orqj0whup sxeolf jrrgv1
Zh vkrz lq Sursrvlwlrq 4 wkdw wkh glvwlqfwlrq ehwzhhq vkruw0whup dqg orqj0
whup sxeolf jrrgv lv qrw lq lwvhoi vx!flhqw wr jhqhudwh srolf| p|rsld1 Ghvslwh wkh
idfw wkdw yrwhuv fdqqrw revhuyh lpphgldwho| krz pxfk wkh srolwlfldq vwhdov iurp
7
Wkh gdwd rq vshqglqj rq sxeolf vhuylfhv dqg rq fdslwdo lqyhvwphqwv lqfoxghv plolwdu| vshqglqj1
Wkh qhjdwlyh fruuhodwlrq lv/ krzhyhu/ qrw gulyhq e| glhuhqfhv lq vshqglqj rq wklv fdwhjru|1 Xvlqj
vshqglqj rq hgxfdwlrq/ khdowk/ krxvlqj/ dqg jhqhudo sxeolf vhuylfhv/ exw h{foxglqj vshqglqj rq
sxeolf rughu/ dv wkh phdvxuh ri lqyhvwphqwv lq sxeolf vhuylfhv jlyhv ulvh wr vlplodu uhvxowv1 Lw lv/
krzhyhu/ wuxh wkdw vrflhwlhv zlwk orz ghprfudwlf yrlfh whqg wr vshqg uhodwlyho| odujh dprxqwv rq
sxeolf rughu/ lqfoxglqj wkh plolwdu|1
8
lqyhvwphqwv lq orqj0whup sxeolf jrrgv/ wkh| duh vwloo deoh wr jhw wkh h!flhqw sruwirolr
ri sxeolf jrrgv1 Wklv lv d vxusulvlqj uhvxow dqg vkrzv wkdw srolf| p|rsld uhtxluhv
pruh wkdq mxvw wkh suhvhqfh ri orqj0whup sxeolf jrrgv1 Wkh hpslulfdo hylghqfh
glvfxvvhg deryh vxjjhvwv wkdw wkh hhfwlyhqhvv e| zklfk wkh hohfwrudwh lq glhuhqw
vrflhwlhv fdq prwlydwh dqg frqwuro wkhlu srolwlfldqv sod|v d uroh lq jhqhudwlqj srolf|
p|rsld1 Irupdoo|/ zh lqwurgxfh wkh suredelolw| R wr fdswxuh wklv1 Wklv suredelolw|/
dvvxphg frqvwdqw ryhu wlph/ uhsuhvhqwv ghprfudwlf yrlfh dqg fdq eh lqwhusuhwhg dv
dq lqgh{ ri wkh txdolw| ri ghprfudf|/ zlwk R ’  uhsuhvhqwlqj shuihfw ghprfudf|
dqg R ’ f uhsuhvhqwlqj vlwxdwlrqv lq zklfk flwl}hqv fdqqrw xvh hohfwlrqv wr uhsodfh
wkhlu ohdghuv1 Lq Sursrvlwlrq 5/ zh vkrz wkdw lpshuihfw yrlfh jhqhudwhv srolf| p|rsld
lq hfrqrplhv zlwk orqj0whup sxeolf jrrgv1
Doo wkhvh uhvxowv duh edvhg rq wkh dvvxpswlrq wkdw yrwhuv fdq frpplw wd{ uhy0
hqxhv rqh shulrg dkhdg dqg/ lq hhfw/ uhzdug wkh srolwlfldq uhwurvshfwlyho| iru klv
lqyhvwphqwv lq orqj0whup sxeolf jrrgv1 Zlwkrxw wkh fdsdflw| wr gr vr/ yrwhuv fdq0
qrw hyhu jhw srolwlfldqv wr surylgh dq| orqj0whup sxeolf jrrgv +Sursrvlwlrq 6,1 Wklv
ghprqvwudwhv wkdw wkh srzhu wr frpplw wd{ uhyhqxhv lv qhfhvvdu|/ exw qrw vx!flhqw
wr jhw wkh h!flhqw sruwirolr ri sxeolf jrrgv vxssolhg1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq LL/ zh suhvhqw wkh wkh0
ruhwlfdo prgho1 Lq vhfwlrq 6/ zh ghulyh wkh pdlq uhvxowv dqg glvfxvv wkh vrxufhv
ri srolf| p|rsld rshudwlqj lq rxu wkhru|1 Lq vhfwlrq 7/ zh glvfxvv krz rxu wkhru|
pljkw eh deoh wr uhfrqfloh wkh idfwv glvfxvvhg deryh1 Lq sduwlfxodu/ zh vkrz wkdw
wkh wkhru| fdq h{sodlq zk| yrlfh lv qhjdwlyho| fruuhodwhg zlwk vshqglqj rq sxeolf
jrrgv lq furvv0frxqwu| gdwd dqg/ e| dsshdolqj wr wkh hhfwv ri surgxfwlylw| jurzwk/
lq dgglwlrq h{sodlq wkh hyroxwlrq ri +qhw, jryhuqphqw vshqglqj dv revhuyhg lq wkh
wlph vhulhv hylghqfh1 Lq vhfwlrq 8/ zh surylgh vrph frqfoxglqj uhpdunv1 Doo surriv
dqg ghulydwlrqv duh frqwdlqhg lq wkh Dsshqgl{1
LL1 Wkh Prgho
Wkh prgho kdv d frqwlqxxp ri lqqlwho| olyhg dqg lghqwlfdo lqglylgxdov zlwk phdvxuh
1 Lqglylgxdov zrun/ sd| wd{hv/ frqvxph sulydwh dqg sxeolf jrrgv/ dqg yrwh lq
hohfwlrqv1 Wkhlu suhihuhqfhv duh
"[
|'f
q|ES| n +c| n +2c| +4,
zkhuh S| lv frqvxpswlrq ri sulydwh jrrgv/ +c| dqg +2c| duh surylvlrq ohyhov ri wzr
sxeolf jrrgv/ dqg q 5 Efc o lv wkh glvfrxqw udwh1 Hyhu| shulrg lqglylgxdov fdq ghflgh
wr zrun hlwkhu lq wkh pdunhw ru lq wkh krph surgxfwlrq vhfwru1 Lq wkh pdunhw vhfwru/
lqglylgxdov hduq wkh zdjh udwh | ’ @|/ zkhuh @| lv surgxfwlylw|1 Wkh zdjh lqfrph
lv wd{hg dw wkh udwh  |/ vr qhw lqfrph lv @|   |1 Lq wkh krph surgxfwlrq vhfwru/
surgxfwlylw| lv orzhu wkdq lq wkh pdunhw vhfwru/ exw hduqlqjv fdq eh klgghq iurp wd{
froohfwruv1 Wkh jurvv +dqg qhw, hduqlqjv duh w@| zlwk w 	 1 Doo lqfrph/ qhw ri wd{hv/
lv vshqw rq sulydwh frqvxpswlrq=
S| ’ 4@ d@|   |c w@|o +5,
Lqglylgxdov ghflgh wr zrun lq wkh pdunhw vhfwru li/ dqg rqo| li @|   |  w@|1 Dq
lpsolfdwlrq wkhq lv wkdw wd{hv duh sdlg rqo| li  |  @|E  w  W|1 Surgxfwlylw|
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jurzv ryhu wlph/ gxh wr whfkqrorjlfdo surjuhvv=
@| ’ @fE n }
| +6,
zlwk }  f dqg @f : f1
8 Zh qrwlfh wkdw W| lqfuhdvhv ryhu wlph/ lq olqh zlwk
surgxfwlylw|/ dv grhv qdwlrqdo lqfrph/ t| ’ |1
Lqglylgxdov hohfw d srolwlfldq hdfk shulrg wr uxq wkh jryhuqphqw1 Wkh r!fldo wdvn
ri wkh hohfwhg srolwlfldq lv wr froohfw wd{hv/  |  W|/ dqg wr surgxfh sxeolf jrrgv/
+c| dqg +2c|1 Wkhvh jrrgv duh qrq0ulydo/ dqg wkh hqwluh srsxodwlrq frqvxphv +c|
dqg +2c| dv dydlodeoh1 Wkh h{shqglwxuhv rq sxeolf jrrgv duh qdqfhg rxw ri fxuuhqw
wd{ uhyhqxh19 Wkh wzr sxeolf jrrgv duh surgxfhg e| wkh iroorzlqj surgxfwlrq
whfkqrorjlhv
+c| ’ K|%
k
c|c +7,
dqg
+2c| ’ K|%
k
2c|3c +8,
zkhuh %c| dqg %2c|3 duh sxeolf lqyhvwphqwv dqg k 5 Efc 1
: Surgxfwlylw| jurzwk
lq wkh sxeolf vhfwru hyroyhv dffruglqj wr
K| ’ @
Z
| +9,
zkhuh Z  f ghwhuplqhv wkh uhodwlyh vshhg e| zklfk lpsuryhphqwv wdnh sodfh lq wkh
sxeolf uhodwlyh wr wkh sulydwh vhfwru1 Li Z lv ohvv wkdq rqh/ surgxfwlylw| jurzwk lq wkh
sxeolf vhfwru odjv ehklqg wkdw ri wkh sulydwh vhfwru dqg ylfh yhuvd1
Zh pdnh wzr ixqgdphqwdo dvvxpswlrqv derxw wkh surgxfwlrq ri sxeolf jrrgv1
Iluvw/ lqglylgxdov fdqqrw revhuyh wkh lqyhvwphqwv pdgh e| wkh srolwlfldq gluhfwo|/
exw wkh| zloo hyhqwxdoo| eh deoh wr lqihu krz pxfk zdv lqyhvwhg lq hdfk jrrg iurp
revhuyhg surylvlrq ohyhov1 Vhfrqg/ lw wdnhv wlph iru lqyhvwphqwv wr pdwxuh dqg wxuq
lqwr dfwxdo surylvlrq/ exw wkh odj lv qrw htxdoo| orqj iru doo sxeolf vhuylfhv1 Zh pdnh
d glvwlqfwlrq ehwzhhq jrrg  ++, zklfk lv d vkruw0whup sxeolf jrrg dqg jrrg 2
++2, zklfk lv d orqj0whup sxeolf jrrg1 Lqyhvwphqwv lq wkh vkruw0whup sxeolf jrrg
ohdgv wr lpphgldwh surylvlrq ri vhuylfhv1 Lqglylgxdov fdq wkhuhiruh lqihu iurp +c|
krz pxfk zdv lqyhvwhg lq wklv jrrg lq shulrg |1 Lqyhvwphqwv lq wkh orqj0whup sxeolf
jrrg/ rq wkh rwkhu kdqg/ ohdgv wr surylvlrq rqo| zlwk d wlph odj1 Dv d frqvhtxhqfh/
lqglylgxdov fdqqrw lqihu krz pxfk zdv lqyhvwhg lq wklv jrrg xqwlo odwhu zkhq wkh|
revhuyh wkh surylvlrq ohyhov jhqhudwhg e| sdvw lqyhvwphqwv1; Vshflfdoo|/ zh dvvxph
wkdw lw wdnhv rqh shulrg iru wkh lqyhvwphqw wr pdwxuh/ dqg wkh surylvlrq ri +2 dw wlph
| lv wkhq ghwhuplqhg e| wkh lqyhvwphqw pdgh dw wlph | 1<
8
Wr lqvxuh wkdw glvfrxqwhg xwlolw| lv erxqghg/ zh qhhg wr dvvxph wkdw +4 . j,  41
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Zh gr qrw doorz srolwlfldqv wr lvvxh ghew wr qdqfh fxuuhqw vshqglqj1 Wr wkh h{whqw wkdw srolwlfldqv
uhdol}h wkdw wkh| fdq h{whuqdol}h wkh frvw ri sd|lqj edfn wkh ghew wr ixwxuh jhqhudwlrqv ru fdq dhfw
 e| fuhdwlqj idfwv  wkh srolf| ghflvlrqv ri ixwxuh srolwlfldqv/ sxeolf ghew fdq lq lwvhoi eh d vrxufh
ri srolf| p|rsld +Shuvvrq dqg Vyhqvvrq/ 4<;<> Dohvlqd dqg Wdehoolql/ 4<<3,1
:
Wkh ixqfwlrqdo irupv duh lqwurgxfhg wr vlpsoli| wkh fdofxodwlrqv1 Wkh vlpsolfdwlrq lv qrw fulwlfdo
iru rxu pdlq uhvxowv1 Zkdw lv lpsruwdqw lv wkdw surgxfwlrq ri sxeolf jrrgv glvsod|v ghfuhdvlqj
uhwxuqv1
;
D uhodwhg sureohp/ glvfxvvhg e| Ihuhmrkq +4<<<,/ dulvhv zkhq wkh wdvn xqghuwdnhq e| wkh srolwlfldq
fdq rqo| eh revhuyhg yld d qrlv| vljqdo1 Zkdw zh kdyh lq plqg lv vrphwklqj glhuhqw/ qdpho| wkdw
yrwhuv fdq hyhqwxdoo| revhuyh shuihfwo| wkh frqvhtxhqfhv ri sdvw srolf| ghflvlrqv/ exw rqo| diwhu
vrph wlph kdyh sdvvhg1
<
Wkh rqh0shulrg odj lv lqwurgxfhg iru frqyhqlhqfh1 Zkdw uhdoo| pdwwhuv lv wkdw wkh rxwsxw ri
orqj0whup sxeolf jrrgv lv revhuyhg ohvv riwhq wkdq hohfwlrqv1
:
Rqfh hohfwhg/ wkh srolwlfldq kdv dq lqfhqwlyh wr h{sorlw sxeolf r!fh wr glyhuw
sxeolf ixqgv dzd| iurp vshqglqj rq sxeolf jrrgv/ hlwkhu ehfdxvh grlqj vr ehqhwv
klp shuvrqdoo| ru ehfdxvh lw ehqhwv d yhu| qduurz frqvwlwxhqf| ri klv143 Wkh uhqw
jhqhudwhg e| glyhuwlqj sxeolf ixqgv lv fdoohg 5| dqg fruuhvsrqgv wr wkh glhuhqfh
ehwzhhq fxuuhqw uhyhqxhv dqg h{shqglwxuhv=
5| ’  |  %c|  %2c| +:,
Zh dvvxph wkdw srolwlfldqv fduh rqo| derxw wkhlu frqvxpswlrq ri 5|1 D srolwlfldq/
zkr lv yrwhg rxw ri r!fh/ uhfhlyhv d {hg ohyho ri xwlolw|/ qrupdol}hg wr f144
Hohfwlrqv duh khog hyhu| shulrg1 Lq hdfk hohfwlrq/ wkh lqfxpehqw srolwlfldq uxqv
djdlqvw d fkdoohqjhu dqg wkh fdqglgdwh zkr zlqv wkh pdmrulw| wdnhv r!fh lq wkh
qh{w shulrg1 Srolwlfldqv fdqqrw frpplw wr vfdo srolflhv zkhq uxqqlqj iru r!fh/ exw
wkh| gr idfh wkh hohfwrudwh zkhq vhhnlqj uh0hohfwlrq/ dqg fdq eh khog dffrxqwdeoh
diwhu wkh idfw/ dv lq wkh shuirupdqfh yrwlqj prgho ghyhorshg e| Ihuhmrkq +4<;9,1 Dw
wkh ehjlqqlqj ri hdfk hohfwlrq shulrg/ yrwhuv dqqrxqfh d shuirupdqfh vwdqgdug wkdw
wkh| uhtxluh wkh lqfxpehqw wr vdwlvi| lq rughu wr txdoli| iru uhhohfwlrq1 Ghprfudwlf
frqwuro lv/ krzhyhu/ riwhq lpshuihfw ehfdxvh ri idfwruv uhodwhg wr wxuqrxw xqfhuwdlqw|/
yrwhu dsdwk| dqg hohfwrudo iudxg1 Wr doorz iru vxfk lpshuihfwlrqv/ zh dvvxph wkdw
wkh surplvh wr uhhohfw d srolwlfldq zkr phhwv wkh shuirupdqfh vwdqgdug lv lpshu0
ihfw= wkh hohfwrudwh fdq gholyhu uhhohfwlrq rqo| zlwk suredelolw| R dw dq| wlph1 Zlwk
suredelolw|   R/ wkh lqfxpehqw orvhv wkh hohfwlrq dqg lv uhsodfhg e| d fkdoohqjhu/
hyhq li kh suhirupv zhoo1 Wklv suredelolw|/ dvvxphg frqvwdqw ryhu wlph/ uhsuhvhqwv
ghprfudwlf yrlfh dqg fdq eh lqwhusuhwhg dv dq lqgh{ ri wkh txdolw| ri ghprfudf|1
Irupdoo|/ rxu prgho ghvfulehv d g|qdplf sulqflsdo0djhqw uhodwlrqvkls zkhuh wkh rqo|
uhzdug wkdw wkh sulqflsdo +wkh yrwhuv, fdq rhu wr wkh djhqw +wkh srolwlfldq, lv uhhohf0
wlrq1 Lqvridu dv yrlfh lv lpshuihfw/ wkh uhzdug ehfrph xqfhuwdlq iurp wkh srlqw ri
ylhz ri wkh djhqw dqg lw ehfrphv kdughu iru yrwhuv wr surylgh lqfhqwlyhv1 Zh vwxg|
vhtxhqfhv ri lqfhqwlyh frpsdwleoh shuirupdqfh vwdqgdugv edvhg rq revhuydeoh srolf|
lpsohphqwdwlrqv dqg irfxv rq wkrvh zklfk pd{lpl}h yrwhuv olihwlph xwlolw|1 Zh uh0
vwulfw dwwhqwlrq wr shuirupdqfh vwdqgdugv wkdw duh dqrq|prxv lq wkh vhqvh wkdw wkh|
gr qrw ghshqg rq wkh lghqwlw| ri wkh srolwlfldq lq r!fh1 Wklv lpsolhv wkdw yrwhuv
uhzdug wkh fxuuhqw r!fh kroghu zlwk uhhohfwlrq li wkh srolf| lpsohphqwdwlrqv pdgh
e| klp ru e| klv suhghfhvvruv vdwlvi| wkh shuirupdqfh vwdqgdug1
Wr hydoxdwh li yrwhuv zdqw wr vhw p|rslf shuirupdqfh vwdqgdugv/ zh qhhg d ehqfk0
pdun wr zklfk zh fdq frpsduh1 Rxu ehqfkpdun lv wkh g|qdplfdoo| h!flhqw sdwk ri
wd{hv dqg sxeolf lqyhvwphqwv fkrvhq e| d ehqhyrohqw sodqqhu zkrvh remhfwlyh lw lv wr
pd{lpl}h wkh olihwlph xwlolw| ri d uhsuhvhqwdwlyh flwl}hq +htxdwlrq +4,, vxemhfw wr wkh
sxeolf exgjhw frqvwudlqw +%c| n %2c|   |, dqg wr wkh uhyhqxh frqvwudlqw + |  W|,1
Wkh h!flhqw sruwirolr ri sxeolf jrrgv/
%W2c|
%Wc|
/ lv vkrzq lq Ohppd 41
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Wklv irupxodwlrq ri wkh frq lfw ri lqwhuhvw ehwzhhq yrwhuv dqg srolwlfldqv lv gxh wr Shuvvrq hw
do1 +4<<:, dqg xvhg h{whqvlyho| lq Shuvvrq dqg Wdehoolql +5333,1 Dq dowhuqdwlyh wkdw zrxog ohdg
wr yhu| vlplodu uhvxowv lq rxu vhwwlqj lv wr dvvxph wkdw hruw lv uhtxluhg wr surgxfh sxeolf jrrgv1
Srolwlfldqv lqfxu wkh frvw ri hruw dqg vr zrxog olnh wr uhgxfh hruw ehorz wkh ohyho ghvluhg e| yrwhuv
+Ihuhmrkq/ 4<;9,1
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Pruh jhqhudoo|/ srolwlfldqv frxog dovr fduh derxw sxeolf jrrgv1 Wkh lqwurgxfwlrq ri flwl}hq0
srolwlfldqv  wkdw lv/ srolwlfldqv zkr fduh derxw sxeolf jrrgv dqg wd{ sd|phqwv dqg zkr h{shfw wr
uhwxuq wr wkh sulydwh vhfwru li yrwhg rxw ri r!fh  frpsolfdwhv wkh dqdo|vlv exw grhv qrw uhpryh wkh
irufhv ri p|rsld wkdw zh lghqwli| ehorz1 Lw grhv/ krzhyhu/ lqwurgxfh vrph qhz dqwl0p|rsld irufhv
ehfdxvh wkh srolwlfldq dv d flwl}hq zrxog olnh wr vhh wkh h!flhqw sruwirolr dgrswhg hyhu| shulrg1
;
Ohppd 4 Wkh h!flhqw sruwirolr ri sxeolf jrrgv wkdw zrxog eh fkrvhq e| d ehqhyrohqw
sodqqhu lv
%W2
%W
’ EqE n }Z

3k iru doo | ’ fc c 1 +;,
Surri1 Vhh Dsshqgl{
D orz glvfrxqw udwh vkliwv wkh h!flhqw sruwirolr wrzdugv wkh vkruw0whup jrrg
ehfdxvh wkh uhzdugv ri lqyhvwlqj lq wkh orqj0whup jrrg duh qrw hqmr|hg lpphgldwho|1
Kljk surgxfwlylw| jurzwk lq wkh sxeolf vhfwru +E n }Z, kdv wkh rssrvlwh hhfw dqg
vkliwv wkh sruwirolr wrzdugv wkh orqj0whup jrrg1 Wklv lv ehfdxvh wkh uhzdugv ri
lqyhvwphqwv lq wkh orqj0whup jrrg duh dxjphqwhg e| wkh lqfuhdvh lq surgxfwlylw|
wkdw wdnhv sodfh ehwzhhq wkh wlph wkh lqyhvwphqw lv vxqn dqg wkh surylvlrq dfwxdoo|
wdnhv sodfh145
Htxloleulxp Dqdo|vlv
Uhfdoo wkdw yrwhuv fdqqrw revhuyh dfwxdo lqyhvwphqwv %c| ru wkh dprxqw glyhuwhg 5|/
exw wkdw wkh| gr revhuyh rxwsxwv lq wkh sxeolf vhfwru dqg wkh dprxqw ri uhyhqxh
udlvhg1 Wkxv/ dw wlph | ’ c 2/ yrwhuv revhuyh  |c +c| dqg +2c|1 Iurp wklv/ dqg iurp
wkhlu phpru| ri hduolhu revhuydwlrqv/ wkh| fdq ghgxfh %c|c %2c|3c dqg 5|31 Dw wlph
| ’ f/ wkh| revhuyh rqo|  f dqg +cf dv qr lqyhvwphqw lq wkh orqj0whup sxeolf jrrg
frxog kdyh ehhq pdgh1 Yrwhuv fdq wkhuhiruh edvh wkhlu sodqv wr uhhohfw wkh lqfxpehqw
srolwlfldq rq fxuuhqw lqyhvwphqwv lq vkruw0whup sxeolf jrrgv/ %/ dqg uhwurvshfwlyho|
rq lqyhvwphqwv lq wkh orqj0whup jrrg/ %2 dqg lqihuuhg glyhuvlrq 51 Yrwhuv dqqrxqfh
d vhtxhqfh ri shuirupdqfh vwdqgdugv er| ’ ie |c e%c|c e%2c|j ri wkh iroorzlqj w|sh= li
%c|  e%c| dqg  |  e | lv revhuyhg diwhu shulrg f/ wkhq wkh lqfxpehqw srolwlfldq lv
uhhohfwhg iru d vhfrqg whup> li %c|  e%c|c %2c|3  e%2c|3 dqg  |  e | lv revhuyhg diwhu
wkh vhfrqg/ ru dq| vxevhtxhqw whup/ wkh lqfxpehqw srolwlfldq lv uhhohfwhg1 Li dq| ri
wkhvh frqglwlrqv idlo/ wkh srolwlfldq lv qrw uhhohfwhg dqg d fkdoohqjhu wdnhv r!fh1 Lq
vrflhwlhv zlwk shuihfw yrlfh +R ’ ,/ wklv shuirupdqfh vwdqgdug lv vx!flhqw wr dyrlg
p|rslf srolf| fkrlfhv1 Srolf| p|rsld wkhq dulvhv zkhq ghprfudwlf yrlfh lv lpshuihfw
+R 	 ,1
Wr ghulyh irupdoo| wkhvh uhvxowv/ zh uvw fkdudfwhul}h wkh vhtxhqfh ri lqfhqwlyh
frpsdwleoh shuirupdqfh vwdqgdugv ri wkh w|sh ghqhg deryh1 Vxssrvh wkdw yrwhuv
dqqrxqfh d vhtxhqfh ri vwdqgdugv er|n& ’ ie |n&c e%c|n&c e%2c|n&j iru & ’ fc c 2c 1
Ghqh e5| ’ e |  e%c|  e%2c| dv wkh uhqw doorzhg e| wkh vwdqgdug lq shulrg |1 D
srolwlfldq zkr frpsolhv +, zlwk wkh vwdqgdug dw wlph | h{shfwv wr jhw wkh iroorzlqj
sd|r=
T|E ’ e5| n RqT W|n +<,
zkhuh T W|n lv wkh frqwlqxdwlrq ydoxh ri kroglqj r!fh dqg R 5 Efc o1 Zh qrwlfh wkdw
ixwxuh sd|rv duh glvfrxqwhg e| q/ dv srolwlfldqv kdyh wkh vdph glvfrxqw udwh dv
flwl}hqv1 Pruh lpsruwdqwo|/ iru R 	  yrwhuv fdqqrw surplvh wr uhhohfw d shuiruplqj
srolwlfldq zlwk fhuwdlqw|/ dqg vr zlwk suredelolw|   R/ kh pljkw qrw jhw uhhohfwhg
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Li zh dvvxph wkdw |5>w @ ew4{

5>w4/ wkhq wkh h!flhqw sruwirolr zrxog qrw ghshqg rq j1 Wkh
suhflvh vshflfdwlrq ri wkh surgxfwlrq whfkqrorj| iru wkh orqj0whup sxeolf jrrg grhv/ krzhyhu/ qrw
pdwwhu iru dq| ri rxu uhvxowv derxw srolf| p|rsld1
<
dqg lv irufhg wr uhwluh iurp srolwlfdo r!fh146 Wklv uhgxfhv klv hhfwlyh glvfrxqw udwh
wr qR1 Wkxv/ odfn ri yrlfh irufhv wkh glvfrxqw udwh ri srolwlfldqv ehorz wkdw ri wkhlu
frqvwlwxhqwv1
Wkh srolwlfldq fdq ghyldwh iurp wkh vwdqgdug lq shulrg | e| xqghu0surylglqj erwk
jrrgv dqg glyhuw wkh pd{lpxp srvvleoh uhyhqxh1 Wklv zrxog/ ri frxuvh/ eh glvfryhuhg
lpphgldwho| e| yrwhuv/ dqg dw wkh qh{w hohfwlrq dw wlph | n / klv whqxuh zrxog eh
whuplqdwhg1 Wkh sd|r dvvrfldwhg zlwk wklv ghyldwlrq vwudwhj|/ fdoohg (f/ lv
T|E(f ’ W| +43,
Dowhuqdwlyho|/ wkh srolwlfldq frxog ghflgh wr frpso| sduwldoo| dqg gholyhu %c| ’ e%c|
dqg udlvh  | ’ e | exw xqghu0surylgh wkh orqj0whup jrrg lq klv uvw whup1 Wklv zrxog
qrw eh glvfryhuhg e| yrwhuv xqwlo shulrg |n/ dqg wkh| zrxog qrw whuplqdwh klv whqxuh
xqwlo wkh hohfwlrq khog dw wlph | n 21 Lq wkh phdqwlph/ wkh srolwlfldq lv uhhohfwhg dw
wkh hohfwlrq khog dw wlph |n1 Nqrzlqj/ krzhyhu/ wkdw kh lv jrlqj wr eh whuplqdwhg
diwhu klv vhfrqg whup/ wkh srolwlfldq zrxog xqghu0surylgh erwk jrrgv lq klv vhfrqg
+dqg qdo, whup dqg glyhuw wkh pd{lpxp srvvleoh wd{ uhyhqxh1 Wkh h{shfwhg sd|r/
glvfrxqwhg wr wlph |/ ri sduwldo frpsoldqfh/ fdoohg (/ lv
T|E( ’ e5| n e%2c| n qRW|n +44,
Djdlq/ li yrwhuv fdqqrw surplvh wr uhhohfw iru vxuh/ wkh uhqw/ W|n/ jhqhudwhg e| klv
vhfrqg whup lv glvfrxqwhg e| qR udwkhu wkdq q1
Zh fdq qrz zulwh wkh ydoxh ri srolwlfdo r!fh/ T W| / dv
T W| ’ 4@ iT|Ec T|E(fc T|E(j +45,
dqg qrwh wkdw d vhtxhqfh ri shuirupdqfh vwdqgdugv ier|j"|'f lv lqfhqwlyh frpsdwleoh
li/ dqg rqo| li
T|E  4@ iT|E(fc T|E(j iru | ’ fc c 2c 1 +46,
Zh fdq qrz hvwdeolvk d ixqgdphqwdo uhvxow derxw wkh vhtxhqfh ri lqfhqwlyh frpsdw0
leoh shuirupdqfh vwdqgdugv1
Ohppd 5 D vhtxhqfh ri shuirupdqfh vwdqgdugv ier|j"|'f lv lqfhqwlyh frpsdwleoh li/
dqg rqo| li
TfE  TfE(f dqg T|E  T|E( | ’ fc c 2c  +47,
Surri1 Vhh Dsshqgl{
Ohppd 5 vwdwhv wkdw wkh vhtxhqfh ri lqfhqwlyh frpsdwleoh shuirupdqfh vwdqgdugv
pxvw vdwlvi| wzr frqglwlrqv1 Iluvw/ wkh yhu| uvw srolwlfldq hohfwhg e| wkh vrflhw| kdv
dq lqfhqwlyh wr ghihfw wr (f dv zhoo dv dq lqfhqwlyh wr jr iru sduwldo frpsoldqfh +(,/
dqg vr wr lqvxuh ixoo frpsoldqfh/ TfE pxvw eh +zhdno|, juhdwhu wkdq erwk TfE(f
dqg TfE(1 Vhfrqg/ iru dq| vxevhtxhqw shulrg/ lqfhqwlyh frpsdwlelolw| rqo| uhtxluhv
wkdw T|E lv +zhdno|, juhdwhu wkdq T|E(1 Wklv lv ehfdxvh T|3E  T|3E(
, T|E  T|E(f1 Wkh lqwxlwlrq lv wkdw wkh srolwlfldq lv whpswhg wr suhwhqg wr
eh frpso|lqj e| rqo| frpso|lqj sduwldoo| dqg wkhq uhyhdo klpvhoi lq klv vhfrqg
whup1 Wklv whpswdwlrq lv odujhu wkdq wkh whpswdwlrq wr ghihfw dqg eh glvfryhuhg
lpphgldwho|1 Frqvhtxhqwo| wkh uhohydqw lqfhqwlyh frqvwudlqwv duh TfE  TfE(f
dqg T|E  T|E( iru | ’ fc c 2c 1 Iurp wklv lw iroorzv wkdw=
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Zh dvvxph wkdw d srolwlfldq rqfh uhwluhg qhyhu uxqv iru r!fh djdlq1
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Fruroodu| 4 Lqfhqwlyh frpsdwleoh shuirupdqfh vwdqgdugv pxvw vdwlvi| wkh iroorzlqj
frqglwlrq=
e5|  e%2c|3
qR
 e%2c| n W|  qRW|n +48,
iru hdfk | ’ fc c 2c  zlwk %2c3 ’ f1
Surri1 Vhh Dsshqgl{
Wkh srolwlfldq pxvw hdfk shulrg eh doorzhg wr froohfw dw ohdvw wkh uhqw ghqhg
e| wkh uljkw0kdqg vlgh ri htxdwlrq +48, wr jxdudqwhh wkdw kh lv zloolqj wr frpso|
zlwk wkh shuirupdqfh vwdqgdugv1 Lpsruwdqwo|/ zh qrwh wkdw wklv uhhohfwlrq uhzdug
ghshqgv srvlwlyho| rq wkh lqyhvwphqw lq wkh orqj0whup sxeolf jrrg pdgh lq shulrg
| exw qhjdwlyho| rq wkh lqyhvwphqw pdgh lq shulrg |147 Wklv lv wkh vhqvh lq zklfk
wkh srolwlfldq lv uhzdughg uhwurvshfwlyho| iru lqyhvwphqwv lq orqj0whup sxeolf jrrgv1
Zh fdq fkdudfwhul}h wkh vhtxhqfh ri vhfrqg ehvw srolf| lpsohphqwdwlrqv e| vroy0
lqj wkh hohfwrudwh*v pd{lpl}dwlrq sureohp=
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vxemhfw wr wkh vhtxhqfh ri lqfhqwlyh frpsdwlelolw| frqvwudlqwv ghqhg e| htxdwlrq
+48,/ wkh uhyhqxh frqvwudlqwv
 |  W|/ iru | ’ fc c 2c  +4:,
dqg qrq0qhjdwlylw| frqvwudlqwv/ %c|  f dqg  |  f iru | ’ fc c 21 Ehorz/ zh
vkdoo glvfxvv wkh pdlq surshuwlhv ri wkh vroxwlrq wr wklv sureohp irfxvlqj rq wkh fdvh
zkhuh wkh uhyhqxh frqvwudlqw lv qrw elqglqj148 Wklv vlpsolhv wkh dqdo|vlv exw lv
qrw hvvhqwldo iru wkh uhvxowv1 Wkh ixoo vroxwlrq lv ghulyhg lq wkh Dsshqgl{1
Rxu uvw pdlq uhvxow lv d srvlwlyh rqh/ vwdwlqj wkh flufxpvwdqfhv xqghu zklfk
wkh sxeolf vhfwru sruwirolr lv h!flhqw ghvslwh wkh djhqf| sureohp wkdw dulvhv zkhq
ghflvlrqv duh ghohjdwhg wr srolwlfldqv1
Sursrvlwlrq 4 +H!flhqf|,1 Vxssrvh wkdw R ’ 1 Wkh sxeolf vhfwru sruwirolr lv
vwdwlrqdu| dqg h!flhqw/ l1h1/
e%2e% ’ %
W
2
%W
/ +4;,
zkhuh
%W2
%W
lv wkh h!flhqw sruwirolr ghqhg lq Ohppd 41
Surri1 Vhh Dsshqgl{
Wkh Sursrvlwlrq ghprqvwudwhv wkdw udwlrqdo yrwhuv dvn wkhlu srolwlfldqv wr surylgh
wkh h!flhqw sruwirolr li ghprfudwlf yrlfh lv shuihfw +R ’ ,1 Lpsruwdqwo|/ wkh idfw wkdw
vrph jryhuqphqw dfwlylwlhv fdq eh revhuyhg pruh iuhtxhqwo| wkdq rwkhuv lv qrw lq
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Qrwlfh wkdw wkh dvvxpswlrq ri dqrq|prxv shuirupdqfh vwdqgdugv lpsolhv wkdw yrwhuv doorz wkh
srolwlfldq lq r!fh lq shulrg w wr froohfw e}w zkhwkhu kh pdgh wkh lqyhvwphqw e{5>w4 klpvhoi ru lw zdv
pdgh e| vrph rwkhu srolwlfldq +zkr orvw r!fh ehfdxvh ri lpshuihfw yrlfh,1
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Wklv uhtxluhv wkdw wkh frqvwudlqw grhv qrw elqg lq shulrg 3 dqg wkdw   4  d1 D vx!flhqw
frqglwlrq wkdw fryhuv doo wkh fdvhv dqdo|}hg lq wkh wh{w lv wkdw
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lwvhoi d vrxufh ri vkruw0whuplvp> yrwhuv fdq vwloo xvh hohfwlrqv wr prwlydwh srolwlfldqv
wr lqyhvw lq wkh h!flhqw sruwirolr1 Wkh lqwxlwlrq fdq eh vhhq iurp htxdwlrq +48,1
D srolwlfldq wkdw ghflghv wr pdnh wkh uhtxluhg lqyhvwphqw lq wkh orqj0whup sxeolf
jrrg lqfxuv wkh frvw ri grlqj vr lpphgldwho| exw kdv wr zdlw rqh shulrg wr jhw
klv uhzdug1 Wkxv/ wkh uhzdug lv glvfrxqwhg1 Li yrlfh lv shuihfw/ kh lv jxdudqwhhg
uhhohfwlrq dqg glvfrxqwv wkh uhzdug e| q1 Wklv lv wkh vdph glvfrxqw udwh xvhg e|
yrwhuv zkhq wkh| glvfrxqw wkh ehqhw iurp lqyhvwphqwv lq wkh orqj0whup sxeolf jrrg1
Dv d frqvhtxhqfh/ wkhuh lv qr uhdvrq iru yrwhuv wr eldv wkh sruwirolr wrzdugv wkh vkruw0
whup jrrg= yrwhuv dqg srolwlfldqv idfh wkh vdph lqwhuwhpsrudo wudgh0r149
Wkh qh{w sursrvlwlrq vkrzv wkdw lpshuihfw yrlfh jhqhudwhv srolf| p|rsld1
Sursrvlwlrq 5 +Lpshuihfw yrlfh,1 Vxssrvh wkdw R 	 1 Wkh sxeolf vhfwru sruwirolr
lv vwdwlrqdu| dqg p|rslf/ l1h1/ e%2e% ’ R 3k %
W
2
%W
/ +4<,
zkhuh
%W2
%W
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Surri1 Vhh Dsshqgl{
Lpshuihfw yrlfh lqgxfhv srolf| p|rsld ehfdxvh lw uhgxfhv wkh hhfwlyh glvfrxqw
udwh ri hohfwhg srolwlfldqv +Rq, ehorz wkdw ri wkh hohfwrudwh +q,1 Dv d frqvhtxhqfh/ lw
ehfrphv wrr h{shqvlyh iru yrwhuv wr uhzdug srolwlfldq uhwurvshfwlyho| iru lqyhvwphqwv
lq wkh orqj0whup sxeolf jrrg/ dqg wkh| qg lw ehqhfldo wr eldv wkh sruwirolr wrzdug
vkruw0whup jrrgv1 Lq d vhqvh/ lpshuihfw yrlfh irufhv srolwlfldqv wr eh vkruw0vljkwhg
dqg/ e| lpsolfdwlrq/ yrwhuv wr vhw pruh p|rslf shuirupdqfh vwdqgdugv1 Lw iroorzv
wkdw udwlrqdo yrwhuv vhw p|rslf shuirupdqfh vwdqgdugv zkhq wkh| uhdol}h wkdw wkhlu
srolwlfldqv duh pruh p|rslf wkdq wkh| duh wkhpvhoyhv1 Lw lv/ krzhyhu/ lpsruwdqw wr
uhfdoo wkdw srolf| p|rsld lv frqvwudlqhg h!flhqw= zkhqhyhu lw rffxuv lw lv ehfdxvh
yrwhuv fdqqrw gr ehwwhu wkdq doorzlqj srolwlfldqv wr glyhuw ixqgv/ dqg doorzlqj wkhp
wr glyhuw uhodwlyho| pruh ixqgv iurp orqj0whup lqyhvwphqwv1
Wklv shuirupdqfh vwdqgdug dqdo|}hg deryh uhtxluhv yrwhuv wr uhzdug wkh lqfxp0
ehqw srolwlfldq lq shulrg | iru wkh lqyhvwphqw pdgh lq orqj0whup sxeolf jrrgv lq
shulrg |  1 Wklv lv grqh e| frpplwwlqj wd{hv rqh shulrg dkhdg1 Wkh srolwlfldq
lq r!fh lq shulrg | wkhq uhdol}h wkdw kh zloo eh doorzhg wr froohfw hqrxjk wd{hv lq
shulrg |n wr hqdeoh klp wr eh frpshqvdwhg  ixoo| ru sduwo|  iru wkh lqyhvwphqw lq
wkh orqj0whup sxeolf jrrg pdgh lq shulrg |1 Lq vrflhwlhv zkhuh yrwhuv fdqqrw pdnh
wklv frpplwphqw/ wkh fdsdflw| wr suhyhqw vkruw0whuplvp lv vxevwdqwldoo| uhgxfhg/
luuhvshfwlyho| ri wkh txdolw| ri ghprfudwlf yrlfh1 Wr vhh zk|/ vxssrvh wkdw yrwhuv duh
fdq rqo| edvh wkhlu shuirupdqfh vwdqgdug rq fxuuhqw xwlolw| ohyhov1 Dw wkh ehjlqqlqj
ri hdfk shulrg/ wkh| dqqrxqfh wkdw wkh| duh rqo| zloolqj wr uhhohfw wkh lqfxpehqw
srolwlfldq +zlwk suredelolw| R, li kh lpsohphqwv d vshqglqj dqg wd{ sdfndjh wkdw
jhqhudwhv dw ohdvw wkh xwlolw| ohyho W| > li qrw/ kh lv uhsodfhg e| wkh fkdoohqjhu1 Idfhg
zlwk wklv shuirupdqfh vwdqgdug/ d srolwlfldq zkr vhhnv uhhohfwlrq zrxog lpsohphqw
srolflhv/ i |c %c|c %2c|j/ wr pd{lpl}h klv uhqw/ 5| ’  |  %c|  %2c|/ vxemhfw wr wkh
lqfhqwlyh frpsdwlelolw| frqvwudlqw |  
W
| 1 Wkh xwlolw| fxw0r +
W
| , lv vhw wr pdnh wkh
srolwlfldq lqglhuhqw ehwzhhq frpso|lqj dqg qrw frpso|lqj +vhh wkh Dsshqgl{ iru
wkh ghwdlov,1 Wkh uhvxowlqj sxeolf sruwirolr lv fkdudfwhul}hg lq wkh qh{w sursrvlwlrq1
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Wkh idfw wkdw vrph jryhuqphqw dfwlylwlhv fdqqrw eh revhuyhg dv zhoo dv rwkhuv grhv qrw/ dv lq
Kropvwurp dqg Plojurp +4<<4,/ irufh yrwhuv +wkh sulqflsdo, wr surylgh orz0srzhuhg lqfhqwlyhv1 Wkh
uhdvrq lv wkdw lqyhvwphqwv lq orqj0whup sxeolf jrrgv fdq hyhqwxdoo| eh revhuyhg dqg wkdw doorzv
yrwhuv wr uhzdug wklv dfwlylw| h{solflwo|1
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Sursrvlwlrq 6 +Odfn ri frpplwphqw, Vxssrvh wkdw yrwhuv fdqqrw frpplw wd{ uhy0
hqxhv1 Wkh sxeolf vhfwru sruwirolr lv vwdwlrqdu| dqg p|rslf
h%2h% ’ f%W ’ f +53,
iru doo R1
Surri1 Vhh Dsshqgl{
Wkh sursrvlwlrq vkrzv wkdw srolwlfldqv qhyhu surylgh dq| orqj0whup sxeolf jrrgv
li yrwhuv fdqqrw frpplw wd{ uhyhqxhv1 Wklv lv vlpso| ehfdxvh wkh lqyhvwphqw lq wkh
orqj0whup sxeolf jrrg pdgh wrgd| uhgxfhv wkhlu uhqw zlwkrxw dgglqj lq dq| zd| wr
wkh frqwhpsrudqhrxv xwlolw| ri yrwhuv1 D srolwlfldq/ zkr vhhnv uhhohfwhg/ hpsor|v d
frpelqdwlrq ri wd{ h{hpswlrqv + | 	 W|, dqg vkruw0uxq sxeolf jrrgv wr phhw wkh
xwlolw| vwdqgdug vhw e| yrwhuv hdfk shulrg1 Wkh uhvxow lv wkdw wkh sruwirolr ri sxeolf
jrrgv ehfrphv h{wuhpho| p|rslf1
LLL1 Vrph Lpsolfdwlrqv
Rxu dqdo|vlv rhuv vrph dgglwlrqdo lqvljkwv lqwr wkh irufhv wkdw gulyh wkh h{sdqvlrq
ri jryhuqphqw vshqglqj ryhu wlph dqg wkh uhodwlrqvkls ehwzhhq ghprfudwlf yrlfh 
wkh txdolw| ri ghprfudf|  dqg wkh vl}h ri jryhuqphqw dfurvv vsdfh1 Lq wkh glvfxvvlrq/
zh irfxv rq wkh vlwxdwlrq zkhuh yrwhuv fdq frpplw wd{ uhyhqxhv1
Jurzwk lq Jryhuqphqw Lq rxu prgho/ e | vkrxog eh lqwhusuhwhg dv wkh srolwlfdoo|
dffhswdeoh ohyho ri wd{dwlrq iru wkh sxusrvh ri surylglqj sxeolf vhuylfhv1 Wr vhh zkdw
ghwhuplqhv wkh hyroxwlrq ri e|
t|
ryhu wlph/ ohw xv lpdjlqh dq hfrqrp| lq zklfk wkh
uhyhqxh frqvwudlqw lv qrw lqlwldoo| elqglqj/ l1h1/ ef 	 Wf1 Iru dq| vxevhtxhqw | vxfk
wkdw wkh uhyhqxh frqvwudlqw uhpdlqv qrq0elqglqj/ uhfrughg vshqglqj rq sxeolf jrrgv
+ru wkh qhw vl}h ri jryhuqphqw, lv jlyhq e| +vhh Dsshqgl{,
e |
t|
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Lw lv fohdu wkdw jurzwk lq jryhuqphqw ghshqgv fuxfldoo| rq wkh uhodwlyh sdfh dw zklfk
surgxfwlylw| surjuhvvhv lq wkh sxeolf uhodwlyh wr wkh sulydwh vhfwru +dv fdswxuhg e|
Z,1 Wkh qhw vl}h ri jryhuqphqw lv frqvwdqw/ dv revhuyhg/ rq dyhudjh/ lq wkh RHFG
frxqwulhv gxulqj wkh sdvw 63 |hduv/ li Z ’   k1 Wklv fruuhvsrqgv wr wkh fdvh
lq zklfk surgxfwlylw| jurzwk lq wkh sxeolf vhfwru h{dfwo| r0vhwv wkh glplqlvklqj
pdujlqdo surgxfw dvvrfldwhg zlwk surgxfwlrq ri sxeolf jrrgv1 Wkh qhw vl}h jurzv/
dv zdv wkh fdvh lq prvw ghyhorshg frxqwulhv xs xqwlo durxqg 4<93/ li Z :  k1 Lq
wklv fdvh/ yrwhuv duh zloolqj wr wuxvw wkhlu jryhuqphqwv zlwk dq lqfuhdvlqj vkduh ri
JGS ehfdxvh surgxfwlylw| lpsuryhphqwv lq wkh sxeolf vhfwru kdsshq dw d vx!flhqwo|
kljk sdfh1 Hyhq lq wklv fdvh/ krzhyhu/ jurzwk pxvw frph wr dq hqg zkhq wkh wd{
srwhqwldo lv uhdfkhg= dwwhpswv wr udlvh pruh wkdq  w lq wd{hv fdxvh dq h{rgxv wr
wkh krph surgxfwlrq vhfwru dqg d froodsvh lq wkh surylvlrq ri sxeolf vhuylfhv1 Ilqdoo|/
wkh qhw vl}h ri jryhuqphqw ghfolqhv ryhu wlph li surgxfwlylw| jurzwk lq wkh sxeolf
vhfwru odjv vx!flhqwo| ehklqg wkdw lq wkh sulydwh vhfwru/ l1h1/ li Z 	   k1 Lq wklv
fdvh/ wkh qhw vl}h ri jryhuqphqw hyhqwxdoo| frqyhujhv wr E w d qRE n }o1 Wkh
wkuhh vfhqdulrv duh looxvwudwhg lq Iljxuh 21
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Iljxuh 5= Wkh Hyroxwlrq ri wkh Vl}h ri Jryhuqphqw Ryhu Wlph1
Glhuhqwldo surgxfwlylw| jurzwk lv dq lpsruwdqw ghwhuplqdqw ri jurzwk lq jry0
huqphqw lq rxu prgho1 Wkh vdph lv wuxh lq wkh vhplqdo vwxg| e| Edxpro +4<9:,1 Kh
dujxhv wkdw jurzwk lq jryhuqphqw fdq eh dwwulexwhg wr uhodwlyho| orz surgxfwlylw|
jurzwk lq wkh sxeolf vhfwru1 Lq rxu prgho/ wklv skhqrphqrq fdq fdxvh jurzwk lq
jryhuqphqw/ dv orqj dv wkh surgxfwlylw| glhuhqfh lv qrw wrr odujh +Z 5 E  kc ,1
Wklv lv ehfdxvh wkh sxeolf vhfwru/ ghvslwh odjjlqj ehklqg wkh sulydwh vhfwru/ grhv eh0
frph pruh h!flhqw dv wlph xqirogv dqg/ dv d frqvhtxhqfh/ wkh hohfwrudwh lv zloolqj wr
wuxvw wkhlu srolwlfldqv zlwk d odujhu vkduh ri JGS1 Wklv phfkdqlvp lv/ ri frxuvh/ yhu|
glhuhqw iurp wkh rqh hqylvdjhg e| Edxpro14: E| wkh vdph wrnhq/ rxu prgho suh0
glfwv d srvlwlyh uhodwlrq ehwzhhq wkh vl}h ri jryhuqphqw dqg hfrqrplf ghyhorsphqw
+dv phdvxuhg e| JGS, zkhqhyhu Z :   k1 Wklv surylghv dq dowhuqdwlyh h{sodqd0
wlrq ri Zdjqhu*v Odz +Zdjqhu/ 4;;6,  wkh skhqrphqrq wkdw wkh vl}h ri jryhuqphqw
jurzv dv vrflhwlhv ghyhors1 Wkh gulylqj irufh lq rxu prgho lv/ krzhyhu/ surgxfwlylw|
jurzwk/ udwkhu wkdq/ dv dujxhg e| Zdjqhu +4;;6,/ d kljk lqfrph hodvwlflw| lq wkh
ghpdqg iru sxeolf jrrgv1 Lpsruwdqwo|/ Zdjqhu*v odz lv qrw lqhylwdeoh1 Vx!flhqwo|
orz surgxfwlylw| jurzwk lq wkh sxeolf vhfwru fdq/ lq idfw/ uhyhuvh lw1 Wklv pljkw eh
sduw ri wkh h{sodqdwlrq zk| Zdjqhu*v Odz kdv uhfhlyhg pl{hg hpslulfdo vxssruw
+Krovh| dqg Erufkhuglqj/ 4<<:,1
Yrlfh dqg Vshqglqj rq Sxeolf Jrrgv Wkh txdolw| ri ghprfudwlf yrlfh/ dv
fdswxuhg e| R/ lv lpsruwdqw/ qrw rqo| dv d ghwhuplqdqw ri srolf| p|rsld/ exw dovr dv d
ghwhuplqdqw ri wkh uhfrughg vshqglqj rq sxeolf jrrgv +ru wkh qhw vl}h ri jryhuqphqw,1
D vlpsoh fdofxodwlrq +xvlqj htxdwlrq +54,, vkrzv wkdw
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Yrlfh kdv wzr frq lfwlqj hhfwv rq wkh qhw vl}h ri jryhuqphqw14; Wkh uvw hhfw
fdswxuhv wkh idfw wkdw pruh hhfwlyh yrlfh pdnhv lw pruh dwwudfwlyh iru hohfwhg srolwl0
4:
Edxpro +4<9:, dujxhg wkdw surgxfwlrq ri sxeolf jrrgv lv pruh oderu lqwhqvlyh wkdq surgxfwlrq
ri sulydwh jrrgv1 Dv d frqvhtxhqfh/ surgxfwlylw| jurzwk lv olnho| wr eh vorzhu lq wkh sxeolf wkdq
lq wkh sulydwh vhfwru1 Li zdjhv lqfuhdvh dw wkh vdph udwh lq wkh wzr vhfwruv/ xqlw frvwv lq wkh sxeolf
vhfwru zrxog jr xs1 Surylghg wkdw wkh ghpdqg iru sxeolf jrrgv lv vx!flhqwo| sulfh lqhodvwlf/ wklv
zrxog ohdg wr jurzwk lq wkh vl}h ri jryhuqphqw1
4;
Zkhq wkh uhyhqxh frqvwudlqw lv elqglqj dqg ew
\w
@ 4 / yrlfh fdq reylrxvo| qrw dhfw vshqglqj
rq sxeolf vhuylfhv1 Pruhryhu/ zkhq wd{ uhyhqxhv fdqqrw eh frpplwwhg +dqg Sursrvlwlrq 6 dssolhv,/
dq lqfuhdvh lq yrlfh xqdpeljxrxvo| uhgxfhv vshqglqj rq sxeolf jrrgv1
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fldqv wr shuirup zhoo1 Yrwhuv h{sorlw wkdw e| uhtxlulqj wkhp wr lqyhvw pruh lq wkh
orqj0whup sxeolf jrrg1 Wklv sruwirolr dgmxvwphqw uhtxluhv pruh ixqgv dqg uhfrughg
vshqglqj rq sxeolf jrrgv lqfuhdvhv1 Wkh vhfrqg hhfw zrunv lq wkh rssrvlwh gl0
uhfwlrq1 Lw fdswxuhv wkdw pruh hhfwlyh yrlfh uhgxfhv wkh uhqw wkdw srolwlfldqv fdq
h{wudfw iurp wkh hohfwrudwh1 Wklv/ lq wxuq/ uhgxfhv wkh frvw ri surylglqj sxeolf jrrgv
dqg zlwk lw/ uhfruglqj vshqglqj1 D vx!flhqw frqglwlrq iru yrlfh wr ghfuhdvh uhfrughg
vshqglqj rq sxeolf jrrgv lv wkdw k  
2
14< Hpslulfdo hvwlpdwhv ri wkh hodvwlflw|
rxwsxw zlwk uhvshfw wr sxeolf fdslwdo vxjjhvw wkdw k lv lq wkh udqjh ri f feH iru
wkh XV +Judpolfk/ 4<<7,1 Wkxv/ wkh prgho surylghv dq h{sodqdwlrq ri wkh qhjdwlyh
uhodwlrqvkls ehwzhhq yrlfh dqg uhfrughg vshqglqj rq sxeolf jrrgv glvfxvvhg lq wkh
vhfwlrq L1 Qrwlfh/ krzhyhu/ wkdw dfwxdo vshqglqj rq sxeolf vhuylfhv +%c| n %2c|, lv
dozd|v qrq0ghfuhdvlqj lq yrlfh1
LY1 Frqfoxvlrq
Wklv sdshu suhvhqwv d wkhru| ri srolf| p|rsld xqghuvwrrg dv d eldv wrzdugv lqyhvw0
phqwv lq vkruw0whup sxeolf jrrgv1 Zh vkrz wkdw srolf| p|rsld lv qrw dq lqhylwdeoh
frqvhtxhqfhv ri orqj0whup sxeolf jrrgv1 Srolf| p|rsld dulvhv lq vrflhwlhv zlwk lp0
shuihfw yrlfh ru lq vrflhwlhv zklfk odfn wkh fdsdflw| wr frpplw wd{ uhyhqxhv iru wkh
ixwxuh1 Rxu wkhru| suhglfwv wkdw furvv0frxqwu| glhuhqfhv lq vhfrqg0ehvw p|rsld lv
v|vwhpdwlfdoo| uhodwhg wr wkh txdolw| ri ghprfudwlf lqvwlwxwlrqv/ dv vxjjhvwhg e| wkh
hpslulfdo hylghqfh suhvhqwhg lq vhfwlrq L/ dqg wkdw srolf| p|rsld lv pdlqo| d sureohp
lq vrflhwlhv lq zklfk wkh hohfwrudwh odfnv hhfwlyh ghprfudwlf yrlfh1
Uhihuhqfhv
Dlgw/ Wrnh/ V1/ Md|dvul Gxwwd/ dqg Hohqd Orxnrldqryd +5334,1 Ghprfudf|
Frphv wr Hxursh/ Iudqfklvh H{whqvlrq dqg Ilvfdo Rxwfrphv/ 4;6304<6<1
Zrunlqj sdshu/ Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Xqlyhuvlw| ri Fdpeulgjh/
X1N1
Dohvlqd/ Doehuwr dqg Jxlgr Wdehoolql +4<<3,1 D Srvlwlyh Wkhru| ri Ilvfdo
Ghflwv dqg Jryhuqphqw Ghew1 Uhylhz ri Hfrqrplf Vwxglhv 8:= 7360471
Edxpro/ Zlooldp M1 +4<9:,1 Wkh Pdfurhfrqrplfv ri Xqedodqfhg Jurzwk1
Dphulfdq Hfrqrplf Uhylhz 8:= 7480591
Frdwh/ Vwhskhq dqg Vwhskhq Pruulv +4<<8,1 Rq wkh Irup ri Wudqvihuv wr
Vshfldo Lqwhuhvwv1 Mrxuqdo ri Srolwlfdo Hfrqrp| 436= 45430681
Frdwh/ Vwhskhq/ dqg Pruulv/ Vwhskhq +4<<<,1 Srolf| Shuvlvwhqfh1 Dphulfdq
Hfrqrplf Uhylhz ;<= 465:06691
Ihuhmrkq/ Mrkq +4<;9,1 Lqfxpehqw Shuirupdqfh dqg Hohfwrudo Frqwuro1 Sxeolf
Fkrlfh 83/ qrv406= 80581
Ihuhmrkq/ Mrkq +4<<<,1 Dffrxqwdelolw| dqg Dxwkrulw|= Wrzdugv d Wkhru| ri
Srolwlfdo Dffrxqwdelolw|1 Lq Su}hzruvnl/ Vwrnhv dqg Pdqlq +hgv1, Ghprfudf|/
4<
Vhh wkh Dsshqgl{ iru d surri1
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Dffrxqwdelolw|/ dqg Uhsuhvhqwdwlrq1 +Fdpeulgjh/ XN= Fdpeulgjh Xqlyhuvlw|
Suhvv,1
Jdoeudlwk/ Mrkq Nhqqhwk +4<9<,1 Wkh D"xhqw Vrflhw|/ 5qg hglwlrq1 +Orqgrq=
Kdplvk Kdplowrq,1
Jhuvedfk/ Kdqv +4<<;,1 Lqfhqwlyh Frqwudfwv dqg Hohfwlrqv iru Srolwlfldqv dqg
wkh Grzq0xs Sureohp1 Zrunlqj sdshu/ Xqlyhuvlwçw Khlghoehuj/ Jhupdq|1
Judpolfk/ Hgzdug/ P1 +4<<7,1 Lqiudvwuxfwxuh Lqyhvwphqw= D Uhylhz Hvvd|1
Mrxuqdo ri Hfrqrplf Olwhudwxuh 65+6,= 44:90<9 +Vhswhpehu,1
Krovh|/ Fkhu|o/ P1 dqg Wkrpdv H1 Erufkhuglqj +4<<:,1 Zk| Grhv Jryhuq0
phqw*v Vkduh ri Qdwlrqdo Lqfrph JurzB Dq Dvvhvvphqw ri wkh Uhfhqw Olwhud0
wxuh rq wkh X1V1 H{shulhqfh1 Lq= Pxhoohu/ Ghqlv1 +hg1,/ Shuvshfwlyhv rq Sxeolf
Fkrlfh1 D Kdqgerrn1 +Fdpeulgjh/ XN= Fdpeulgjh Xqlyhuvlw| Suhvv,1
Kropvwurp/ Ehqjw/ dqg Sdxo Plojurp +4<<4,1 Pxowlwdvn Sulqflsdo0Djhqw
Dqdo|vhv= Lqfhqwlyh Frqwudfwv/ Dvvhw Rzqhuvkls/ dqg Mre Ghvljq1 Mrxuqdo
ri Odz/ Hfrqrplfv dqg Rujdql}dwlrq :+Vshfldo Lvvxh,= 570851
Lqwhuqdwlrqdo Prqhwdu| Ixqg +LPI, +5334d, Jryhuqphqw qdqfh vwdwlvwlfv
|hduerrn1 +Zdvklqjwrq/ G1F1= Lqwhuqdwlrqdo Prqhwdu| Ixqg,1
Lqwhuqdwlrqdo Prqhwdu| Ixqg +LPI, +5334e, Lqwhuqdwlrqdo Ilqdqfldo Vwdwlvwlfv
\hduerrn1 +Zdvklqjwrq/ G1F1= Lqwhuqdwlrqdo Prqhwdu| Ixqg,1
Ndxipdqq/ Gdqlho/ Dduw Nudd| dqg Sdeor ]rlgr0Oredwrq +4<<<d,1 Jryhu0
qdqfh Pdwwhuv1 Zruog Edqn Srolf| Uhvhdufk Ghsduwphqw Zrunlqj Sdshu Qr1
54<91
Ndxipdq/ Gdqlho/ Dduw Nudd| dqg Sdeor ]rlgr0Oredwrq +4<<<e,1 Djjuhjdwlqj
Jryhuqdqfh Lqglfdwruv1 Zruog Edqn Srolf| Uhvhdufk Ghsduwphqw Zrunlqj
Sdshu Qr1 54<81
Odvvhq/ Guh|hu Gdylg +5333,1 Srolwlfdo Dffrxqwdelolw| dqg wkh Vl}h ri Jryhuq0
phqw= Wkhru| dqg Furvv0Frxqwu| Hylghqfh1 HSUX Zrunlqj Sdshu 330531
Olqghuw/ Shwhu +4<<7,1 Wkh Ulvh lq Vrfldo Vshqglqj 4;;304<631 H{sorudwlrqv
lq Hfrqrplf Klvwru| 64= 406:1
Pduvkdoo/ Prqw|/ J1 dqg Nhlwk Mdjjhuv +5333,1 Srolw| LY Surmhfw1 Gdwd Vhw
Xvhuv Pdqxdo1 Fhqwhu iru Lqwhuqdwlrqdo Ghyhorsphqw dqg Frq lfw Pdqdjh0
phqw/ Xqlyhuvlw| ri Pdu|odqg1
Phow}hu/ Doodq K1 dqg Vfrww I1 Ulfkdug +4<;4,1 D Udwlrqdo Wkhru| ri wkh Vl}h
ri Jryhuqphqw1 Mrxuqdo ri Srolwlfdo Hfrqrp| ;<= <4705:1
Qrugkdxv/ Zlooldp G1 +4<:8,1 Wkh Srolwlfdo Exvlqhvv F|foh1 Uhylhz ri Hfr0
qrplf Vwxglhv 75= 49<04;51
Sduhqwh/ Vwhskhq dqg Hgzdug F1 Suhvfrww +5333,1 Eduulhuv wr Ulfkhv1 +Fdp0
eulgjh PD= PLW suhvv,1
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Shuvvrq/ Wruvwhq/ Jhudug Urodqg dqg Jxlgr Wdehoolql +4<<:,1 Vhsdudwlrq ri
Srzhuv dqg Srolwlfdo Dffrxqwdelolw|1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 445=
4496045351
Shuvvrq/ Wruvwhq dqg Odqv Vyhqvvrq +4<;<,1 Zk| d Vwxeeruq Frqvhuydwlyh
Zrxog Uxq d Ghflw= Srolf| Zlwk Wlph Lqfrqvlvwhqf| Suhihuhqfhv1 Txduwhuo|
Mrxuqdo ri Hfrqrplfv 437= 6580781
Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql +5333,1 Srolwlfdo Hfrqrplfv1 +Fdpeulgjh/
Pdvv= PLW Suhvv,1
Wdq}l/ Ylwr dqg Oxgjhu Vfkxnqhfkw +5333,1 Sxeolf Vshqglqj lq wkh 53wk Fhq0
wxu|1 +Fdpeulgjh/ X1N1= Fdpeulgjh Xqlyhuvlw| Suhvv,1
Urjr/ Nhqqhwk +4<<3,1 Htxloleulxp Srolwlfdo Exgjhw F|fohv1 Dphulfdq Hfr0
qrplf Uhylhz ;3= 540691
Urguln/ Gdql +4<<;,1 Zk| Gr Pruh Rshq Hfrqrplhv Kdyh Eljjhu Jryhuq0
phqwvB Mrxuqdo ri Srolwlfdo Hfrqrp| 439= <<:043651
Xqlwhg Qdwlrqv +5333,1 Vwdwlvwlfdo \hduerrn1 +Qhz \run= Xqlwhg Qdwlrqv,1
Zdjqhu/ D1 +4;;6,1 Juxqgohjxqj ghu Srolwlvfkhq Rhnrqrplh1 6ug hg1 +Ohls}lj=
F1I1 Zlqwhu,1
Zruog Edqn/ +5333,1Zruog ghyhorsphqw lqglfdwruv1 +Zdvklqjwrq/ G1F1= Zruog
Edqn,1
4:
Y1 Dsshqgl{
Surri ri Ohppd 41 Wkh sodqqhu*v pd{lpl}dwlrq sureohp fdq eh vwdwhg dv iroorzv=
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Surri ri Ohppd 5 dqg Fruroodu| 41 Ohw 	r| ’ i	%c|c 	%2c|c 	 |j eh wkh vwdqgdugv
vhw e| wkh hohfwrudwh dw wlph | dqg ghqh 	5| ’ 	 | 	%c| 	%2c| dv wkh r!fh uhqw doorzhg
e| vwdqgdug 	r|1 Frqvlghu d srolwlfldq lq r!fh dw wlph |1 Kh fkrrvhv ehwzhhq wkuhh
vwudwhjlhv=
41 Ixoo frpsoldqfh= Phhw wkh vwdqgdug dqg eh uh0hohfwhg zlwk suredelolw| R1
Zh fdoo wklv vwudwhj| / zlwk
%c|E  	%c|c %2c|E  	%2c|( 5|E  	5|
51 Sduwldo frpsoldqfh= Phhw mxvw hqrxjk ri wkh vwdqgdug wr eh uh0hohfwhg/ djdlq
zlwk suredelolw| R/ exw eh ghihdwhg qh{w shulrg1 Zh fdoo wklv vwudwhj| (/ zlwk
%c|E(  	%c|c f  %2c|E( 	 	%2c|c 	5| n 	%2c|  5|E( : 	5|
4<
61 Ghihfwlrq= Qrw phhw wkh vwdqgdug dw doo dqg eh ghihdwhg lq wkh xs0frplqj
hohfwlrq1 Zh fdoo wklv vwudwhj| (f/ zlwk
f  %c|E(f 	 	%c|c f  %2c|E(f 	 	%2c|c W|  5|E(f : 	5|
Wkhvh duh wkh rqo| vwudwhjlhv uhohydqw dw wlph |> d vwudwhj| +(&,/ zkhuh wkh
srolwlfldq frpsolhv iru &  shulrgv dqg wkhq ghihfwv/ lv lqglylgxdoo| udwlrqdo rqo| li
E(f lv udwlrqdo dw |n &/ ru E( dw |n &  1
Wkh srolwlfldq*v sd|r lv
T| ’
"[
&'f
q&)|n&5|n&
zkhuh )| ’  li kh lv lq r!fh/ dqg )| ’ f rwkhuzlvh1 Zh revhuyh iurp wklv/ dqg wkh
idfw wkdw 5| ’  |  %c|  %2c| dqg  |  W| wkdw
%c|E ’ %c|E( ’ 	%c|( %c|E(f ’ f(
%2c|E ’ 	%2c|( %2c|E( ’ %2c|E(f ’ f(
5|E ’ e5|( 5|E( ’ 	5| n 	%2c|( 5|E(f ’ W|
Ohw T|Ec T|E( dqg T|E(f eh wkh ydoxh ri hdfk vwudwhj| dqg T
W
| ’ 4@ dT|Ec T|E(c T|E(fo1
Zh kdyh
T|E ’ 	5| n qRT
W
|n(
T|E( ’ 	5| n 	%2c| n qRW|n(
T|E(f ’ W|
Wkh srolwlfldq fkrrvhv ixoo frpsoldqfh dw hdfk | rqo| li
T|E ’ T
W
|  4@ dT|E(c T|E(fo
iru hyhu| |1 Zlwk wkh dgglwlrqdo dvvxpswlrq wkdw srolwlfldqv frpso| zkhq lqglhuhqw/
wklv lv qhfhvvdu| dqg vx!flhqw1 Zh rewdlq/ e| urxwlqh vxevwlwxwlrqv/ wkdw T|E 
iT|E(c T|E(fj li/ dqg rqo| li wkh iroorzlqj frqglwlrqv krog dw hdfk | ’ fc c 2c =
EWf|
"[
&'f
ERq&	5|n&  W|(
EW|
"[
&'f
ERq&	5|n&  	5| n 	%2c| n RqW|n
Ixuwkhu/ zh fdq uhzulwh EW| dv
"[
&'f
ERq&	5|nn& 
	%2c|
Rq
n W|n  W|n
53
Zh rewdlq/ iurp wklv/ wkdw EW| , EWf|n1 Lw iroorzv wkdw wkh vwdqgdug 	r| lv
lqfhqwlyh frpsdwleoh li/ dqg rqo| li/ EWff dqg iEW|j
"
|'f duh vdwlvhg1
Ilqdoo|/ uhfdoo wkdw 	 | ’ 	5| n 	%| n 	%2|1 Wkh hohfwrudwh fkrrvhv 	5| wr plql0
pl}h
S
& q
&	 |n& vxemhfw wr lqfhqwlyh frpsdwlelolw| frqvwudlqwv Wff dqg iEW|j
"
|'f/
|lhoglqj
"[
&'f
ERq&	5& ’ Wf(
"[
&'f
ERq&	5|n& ’
	%2c|3
Rq
n W|(
iru | ’ c 2c    1 Vxevwlwxwlrqv |lhog
	5f ’ Wf  RqW  	%2cf(
	5| ’ W|  RqW|n n
	%2c|3
Rq
 	%2c|c
iru | ’ fc c 2 zlwk 	%2c|3 ’ f1 Iurp wklv zh rewdlq Fruroodu| 41 Ilqdoo|/ iurp wkh
exgjhw frqvwudlqwv 	 | ’ 	5| n 	%c| n 	%2c| zh jhw wkdw
	 | ’ W|  RqW|n n 	%c| n
	%2c|3
Rq

Surri ri Sursrvlwlrqv 4 dqg 51 Wkh hohfwrudwh*v sureohp lv wr qg d vhtxhqfh
ri shuirupdqfh vwdqgdugv/ er| ’ ie |c e%c|c e%2c|j wkdw vroyhv
4@ 
r|
"[
|'f
q|

|   | n @
Z
| %
k
c| n q d@|E n }o
Z %k2c|

n @Zf%
@
2c3
vxemhfw wr
 |  %c| n
%2c|3
qR
n W|  qRW|n/ iru | ’ fc c 2c 
 |  W| ’ @|E w/ iru | ’ fc c 2c 
%c|  f/ %2c|  f/  |  f iru | ’ fc c 2
%2c3 ’ f
Wkh Odjudqjldq iru wklv sureohp lv
u ’
"[
|'f
q|

|   | n @
Z
| %
k
c| n q d@|E n }o
Z %k2c|

n
"[
|'f
bc|

qRW|n  W| n  |  %c| 
%2c|3
qR

n
"[
|'f
b2c| dW|   |o
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zkhuh bc|  f dqg b2c|  f duh wkh pxowlsolhuv1 Wkh Nxkq0Wxfnhu frqglwlrqv iru
| ’ fc c 2 duh
q|@Z| k%
k3
c|  bc|  fc %c|  f z1f1v1
q| d@|E n }o
Z qk%@32c| 
bc|n
qR
 fc %2c|  f z1f1v1
bc|  q
|  b2c|  fc  |  f z1f1v1
 |  %c| 
%2c|3
qR
n qRW|n  W|  fc bc|  f z1f1v1
W|   |  fc b2c|  f z1f1v1
Wkh Lqdgd frqglwlrqv lpso| wkdw %c| : fc %2c| : f dqg  | : f1 Khqfh/ bc| : f iru doo
| ’ fc c 2c 1 Wkh suhflvh vroxwlrq ghshqgv rq zkhwkhu ru qrw wkh uhyhqxh frqvwudlqw
lv elqglqj1 Vxssrvh wkdw lw lv qrw elqglqj dw wlph |1 Wkhq b2c| ’ f dqg bc| ’ q
|1
Zh qg wkdw
@Z| k%
k3
c| ’ 
qR@Z| k%
@3
2c|3 ’ 
 | ’ %c| n
%2c|3
qR
 qRW|n n W|
Vroylqj wkhvh htxdwlrqv |lhogv
e%c| ’ E@Z| k 3k ’ %Wc|
e%2c|3 ’ E@Z| k 3k EqR 3k ’ R 3k%W2c|3
e | ’ E@Z| k 3k k n EqR k3kln @|E w d qRE n }o
Qrwlfh wkdw
e |
t|
’ k

3k
k
 n EqR
k
3k
l
@
Znk3
3k
| n E w d qRE n }o  +56,
Qh{w/ vxssrvh wkdw wkh uhyhqxh frqvwudlqw lv elqglqj dw wlph |1 Wkhq b2c| : f
dqg bc| ’ q
| n b2c|1 Zh qg wkdw
@Z| k%
k3
c| ’  n
b2c|
q|
qR@Z| k%
@3
2c|3 ’  n
b2c|
q|
55
 | ’ W|
qRW|n ’ %c| n
%2c|3
qR

Vroylqj wkhvh htxdwlrqv |lhogv
e%c| ’ 
 n EqR
k
3k
qRW|n
e%2c|3 ’ EqR

3k
 n EqR
k
3k
qRW|n
Qrwlfh wkdw
e |
t|
’  w
Wr jhw wkh wzr sursrvlwlrqv/ zh frpsduh wkh vhfrqg0ehvw sxeolf vhfwru sruwirolr zlwk
wkh h!flhqw rqh1 Vxssrvh wkh uhyhqxh frqvwudlqw lv qrw elqglqj1 Wkhq/ zh jhw
e%c|e%2c| ’ R 33k
%Wc|
%W2c|
zklfk lv Sursrvlwlrq 51 Sursrvlwlrq 4 iroorzv e| vhwwlqj R ’ 1 Wr frpsohwh wkh
dqdo|vlv/ zh qhhg wr fkdudfwhul}h wkh sruwirolr zkhq wkh uhyhqxh frqvwudlqw lv elqglqj1
Khuh/ wkuhh fdvhv fdq dulvh1 Iluvw/ vxssrvh wkh uhyhqxh frqvwudlqw lv elqglqj dw | dqg
dw |n 1 Zh jhw
e%c|e%2c| ’ EqR 3k E n } ’ E n }
Znk3
3k R
3
3k
%Wc|
%W2c|

Vhfrqg/ vxssrvh wkh frqvwudlqw lv qrw elqglqj dw | exw lv elqglqj dw |n 1 Zh jhw
e%c|e%2c| ’ @
Znk3
3k
| k

3k E n EqR
k
3k 
EqR
23k
3k E n }2

Wklug/ vxssrvh wkh uhyhqxh frqvwudlqw lv elqglqj dw | exw qrw dw |n 1 Zh jhw
e%c|e%2c| ’ EqR
3k
3k E n }
k

3k E n EqR
k
3k @
Znk3
3k
|

Ilqdoo|/ qrwlfh wkdw wkh uhyhqxh frqvwudlqw zloo qhyhu ehfrph elqglqj li l, Z   k
dqg ll, E w :
@
Z3E3k
3k
f k

3k EnqR
k
3k
qREn}
1
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Surri ri Sursrvlwlrq 61 Ohw h| ghqrwh wkh shuirupdqfh vwdqgdug vhw e| wkh
hohfwrudwh dw wlph |1 D srolwlfldq lv uhhohfwhg li/ dqg rqo| li |  h|> rwkhuzlvh wkh
fkdoohqjhu hqwhuv r!fh1 Ohw 5|Eh|  f ghqrwh wkh uhqw doorzhg e| wkh vwdqgdug lq
shulrg |1 Idfhg zlwk wklv vwdqgdug/ wkh lqfxpehqw fdq ghflgh wr frpso|1 Wklv |lhogv
T | ’ 5|Eh| n qRT|nc
zkhuh T|n lv wkh frqwlqxdwlrq ydoxh ri srolwlfdo r!fh1 Dowhuqdwlyho|/ wkh lqfxpehqw
fdq ghflgh qrw wr vdwlvi| wkh vwdqgdug dqg dffhsw ghihdw lq wkh xsfrplqj hohfwlrq1
Wklv |lhogv
T (| ’ W|1
Lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw T |  T
(
| iru doo |1 Vlpsoh pdqlsxodwlrqv ri
wkhvh lqfhqwlyh frqvwudlqwv |lhog wkdw 5|Eh|  W|qRW|n ’ @|EwEqREn} iru
doo |1 Wkh srolwlfldq zdqwv wr pd{lpl}h klv uhqw hdfk shulrg vxemhfw wr wkh frqvwudlqw
wkdw yrwhuv jhw xwlolw| h| dqg wkh uhyhqxh frqvwudlqw lv vdwlvhg=
4@ 
t|c%c|c%2c|
 |  %c|  %2c|
vw1
@|   | n @
Z
| E%
@
c| n %
@
2c|3  h|
 |  W|
dqg qrq0qhjdwlylw| frqvwudlqwv 5|  f/ %c|  f/ %2c|  f/  |  f1 Wkh Odjudqjldq lv
u ’  |  %c|  %2c| n c|E@|   | n @
Z
| E%
@
c| n %
@
2c|3 h|
n 2c|EW|   |
zkhuh c| dqg 2c| duh qrq0qhjdwlyh pxowlsolhuv1 Wkh Nxkq0Wxfnhu frqglwlrqv duh
 c|  2c|  fc  |  f z1f1v1
 n c|@
Z
| k%
k3
c|  fc %c|  f z1f1v1
  f/ %2c|  f z1f1v1
@|   | n @
Z
| E%
@
c| n %
@
2c|3 h|  f/ c|  f z1f1v1
W|   |  f/ 2c|  f z1f1v1
Vxssrvh wkh uhyhqxh frqvwudlqw lv qrw elqglqj dqg 2c| ’ f1 Lw iroorzv wkdw c| ’ 
dqg
h%2c| ’ f
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h%c| ’ %Wc| ’ E@Z| k 3k
h | ’ h%c| n @|E wE qRE n }
Qh{w/ vxssrvh wkh uhyhqxh frqvwudlqw lv elqglqj dqg 2c| : f1 Zh jhw
h%2c| ’ f
h%c| ’ qRW|n
h | ’ W|
Wkh sxeolf vhfwru sruwirolr lv lq hlwkhu fdvh htxdo wr f1 Wkh uhyhqxh frqvwudlqw zloo
qhyhu ehfrph elqglqj li l, Z   k dqg ll, E w :
@
Z3E3k
3k
f k

3k
qREn}
1
Yrlfh dqg vshqglqj rq sxeolf jrrgv Xvh htxdwlrq +54, wr fdofxodwh
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Li wkh wd{ srwhqwldo kdv qrw ehhq uhdfkhg dw wlph |/ wkhq lw pxvw eh wuxh wkdw
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1 Wkh frqglwlrq k 	 
2
lv vx!flhqw1 Lw lv uhodwlyho| kdug wr qg sdudphwhu
ydoxhv wkdw surgxfh d srvlwlyh uhodwlrqvkls ehwzhhq yrlfh dqg e|
t|
1 Rqh h{dpsoh/
krzhyhu/ lv k ’ fbc q ’ fb/ w ’ f2/ Z ’ e/ } ’ f/ dqg @ ’ 1 Wklv pdnhv e|
t|
lqfuhdvlqj lq R iru R forvh hqrxjk wr / exw qrw hovhzkhuh1
YL1 Gdwd Dsshqgl{
Ghqlwlrqv dqg vrxufhv1 Wkh ghqlwlrqv ri wkh yduldeohv xvhg lq wkh uhjuhvvlrq
dqdo|vlv duh olvwhg ehorz1 Doo gdwd duh iurp 4<<9 ru qhduhvw |hdu zlwk dydlodeoh gdwd1
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 JSe @ yrlfh dqg dffrxqwdelolw| lqgh{/ qrupdol}hg wr udqjh iurp 3 +orz yrlfh,
wr 4 +pd{lpxp yrlfh,1 Lw phdvxuhv dvshfwv ri srolwlfdo frqwhvwdelolw| dqg wudqv0
sduhqf| dqg lv frqvwuxfwhg iurp vxuyh| gdwd1 Wkh iroorzlqj dvshfwv ri yrlfh
duh frqvlghuhg= rughuo| srolwlfdo wudqvihuv> wudqvsduhqf| dqg idluqhvv ri wkh oh0
jdo v|vwhp> flylo olehuwlhv> srolwlfdo uljkwv> iuhhgrp ri suhvv> dqg ghprfudwlf
dffrxqwdelolw|1 Vrxufh= Ndxipdq hw do1 +4<<<d/ 4<<<e,1
 A- @ fhqwudo jryhuqphqw vshqglqj rq vrfldo vhfxulw| dqg zhoiduh dv lw dsshduv
lq wkh wdeoh H{shqglwxuh e| ixqfwlrq iru frqvrolgdwhg fhqwudo jryhuqphqw1
Vrxufh= LPI +5334d,1
 C @ fhqwudo jryhuqphqw h{shqglwxuh rq jrrgv dqg vhuylfhv dv lw dsshduv
lq wkh wdeoh H{shqglwxuh dqg ohqglqj plqxv uhsd|phqwv e| hfrqrplf w|sh/
frqvrolgdwhg fhqwudo jryhuqphqw1 Vrxufh= LPI +5334d,1
 uC @ fhqwudo jryhuqphqw fdslwdo h{shqglwxuh dv lw dsshduv lq wkh wdeoh H{0
shqglwxuh dqg ohqglqj plqxv uhsd|phqwv e| hfrqrplf w|sh/ frqvrolgdwhg fhq0
wudo jryhuqphqw1 Vrxufh= LPI +5334d,1
 t @ Jurvv Grphvwlf Surgxfw +JGS, lq orfdo fxuuhqw sulfhv1 Vrxufh= LPI
+5334e,1
 A @ wrwdo uhyhqxh iru fhqwudo jryhuqphqw +h{foxglqj judqwv, dv lw dsshduv lq
wkh wdeoh Uhyhqxhv dqg judqwv/ frqvrolgdwhg fhqwudo jryhuqphqw1 Vrxufh=
LPI +5334d,1
 JRe? @ udwlr ri h{sruwv ri jrrgv dqg vhuylfhv soxv lpsruwv ri jrrgv dqg vhuylfhv
ryhu wzr wlphv JGS1 Vrxufh= Shqq Zruog Wdeohv 819 xsgdwh1
 J,_ @ wkh udwlr ri wkh srsxodwlrq deryh 98 ri djh wr wkh wrwdo srsxodwlrq djhg
ehwzhhq 48 dqg 981 Vrxufh= Zruog Edqn +5333,1
 RJR @ wrwdo srsxodwlrq dv ri plg04<<61 Vrxufh= Zruog Edqn +5333, dqg Xqlwhg
Qdwlrqv +5333,1
 uUAt @ lqgh{ ri srolwlfdo uhjlph w|sh/ qrupdol}hg wr udqjh iurp 043 +prvw
dxwrfudwlf, wr 43 +prvw ghprfudwlf,1 Vrxufh= Pduvkdoo dqg Mdjjhuv +5333,1
 C(* @ uhdo JGS shu fdslwd lq wkrxvdqgv ri 4<;8 lqwhuqdwlrqdo grooduv1
Vrxufh= Shqq Zruog Wdeohv 8191 xsgdwh1
Vdpsoh fryhudjh Wkh vdpsoh xvhg lq wkh uhjuhvvlrq dqdo|vlv fryhuv dv pdq| frxq0
wulhv dv gdwd lv dydlodeoh iru1 Wkh vdpsoh wkhuhiruh frqwdlqv vrph frxqwulhv zklfk
duh glfwdwruvklsv ru prqdufklhv1 Zh kdyh fkrvhq wr nhhs doo frxqwulhv lq rughu wr
hqodujh wkh yduldwlrq lq uhfrughg yrlfh1 Vhh wkh qh{w vhfwlrq iru d glvfxvvlrq ri
vhqvlwlylw| wr fkrlfh ri vdpsoh1 Wkh vdpsoh fryhuv wkh iroorzlqj frxqwulhv +rughu
dffruglqj wr wkhlu vfruh rq wkh +4<<30<9 dyhudjh, uUAt lqgh{/ dqg li htxdo vfruh/
wkhq lq doskdehwlf rughu,= Edkudlq ^vfruh ri 0<‘/ Nxzdlw/ V|uld/ Ekxwdq/ Exuxqgl/
Lqgrqhvld/ Prurffr/ Uzdqgd/ Ludq/ ]lpedezh/ Exunlqd Idvr/ ^vfruh ri 07 ru ehw0
whu‘= Fdphurrq/ Furdwld/ Hj|sw/ Wxqlvld/ Vlqjdsruh/ \hphq/ Pdowd /Shux/ ]dpeld/
Pdod|vld/ Ph{lfr/ Uxvvld/ Qhsdo/ Vul Odqnd/ Grplqlfdq Uhs/ Hvwrqld/ Qlfdudjxd/
Dujhqwlqd/ Ehoduxv/ Frorpeld/ Sdudjxd|/ Urpdqld/ Eud}lo/ Exojduld/ Fkloh/ Odwyld/
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yduldeoh Rev phdq vwg1 ghy plq pd{
yrlfh ;4 18< 14; 156 1;7
SROLW\ ;4 1:: 163 138 4
WU2\ 9; ;17 916 13< 5519
SJ2\ ;4 4313 71; 1:: 5918
OSJ2\ ;3 61< 619 174 6314
W2\ ;4 5918 <1< 4317 851<
rshq ;4 :<15 7916 4:18 5;:16
rog ;4 148 19 3 16
srs ;4 6<1: 4391; 159 ;<;15
JGS2FDS ;4 44497 <34: 9<5 6:844
Wdeoh 6= Vxppdu| Vwdwlvwlfv ri wkh Gdwd Xvhg lq wkh Uhjuhvvlrq Dqdo|vlv1
Qdpleld/ Sdnlvwdq/ Yhqh}xhod/ Erolyld/ wkh F}hfk Uhsxeolf/ Lqgld/ Pdgdjdvfdu/ Prq0
jrold/ Sdqdpd/ Srodqg/ Vrxwk Diulfd/ Wkdlodqg/ Wulqlgdg dqg Wredjr/ Wxunh|/ Dxv0
wudold/ Dxvwuld/ Ehojlxp/ Fdqdgd/ Frvwd Ulfd/ Ghqpdun/ Ilqodqg/ Iudqfh/ Jhupdq|/
Juhhfh/ Kxqjdu|/ Lfhodqg/ wkh Uhsxeolf ri Luhodqg/ Lvudho/ Lwdo|/ Mdsdq/ Wkh Uhsxeolf
ri Nruhd/ Olwkxdqld/ Ox{hperxuj/ Pdxulwlxv/ wkh Qhwkhuodqgv/ Qruzd|/ Sruwxjdo/
Vsdlq/ Vzhghq/ Vzlw}huodqg/ wkh Xqlwhg Nlqjgrp/ wkh Xqlwhg Vwdwhv/ Xuxjxd| dqg
Qhz ]hdodqg ^vfruh ri 43‘1
Wkh vdpsoh ri frxqwulhv xvhg lq Iljxuh  frqwdlqv wkh 4: frxqwulhv xvhg e| Wdq}l
dqg Vfkxnqhfkw +5333,/ h{fhsw Qhz ]hdodqg/ dqg/ lq dgglwlrq/ Ghqpdun/ Juhhfh/
Lfhodqg/ Ox{hperxuj/ wkh Uhsxeolf ri Nruhd/ Sruwxjdo/ dqg Ph{lfr1 Wkh vdpsoh ri
frxqwulhv xvhg e| Wdq}l dqg Vfkxnqhfkw +5333, frqwdlqv Dxvwudold/ Dxvwuld/ Ehojlxp/
Fdqdgd/ Iudqfh/ Jhupdq|/ wkh Uhsxeolf ri Luhodqg/ Lwdo|/ Mdsdq/ wkh Qhwkhuodqgv/
Qhz ]hdodqg/ Qruzd|/ Vsdlq/ Vzhghq/ Vzlw}huodqg/ wkh Xqlwhg Nlqjgrp/ dqg wkh
Xqlwhg Vwdwhv1
Hvwlpdwlrq whfkqltxhv dqg urexvwqhvv Wkh uhjuhvvlrqv duh hvwlpdwhg zlwk
VWDWD :13 xvlqj ROV exw dgmxvwlqj wkh vwdqgdug huuruv wr doorz iru khwhurvfhgdv0
wlflw|1 Wkh uhvxowv duh urexvw wr fkdqjhv lq hfrqrphwulf vshflfdwlrq1 Wkh orj vshf0
lfdwlrq uhsruwhg lq Wdeoh 2 jlyhv wkh ehvw ryhudoo w1 Uhvxowv duh dovr urexvw wr
lqfoxvlrq ri d ixoo vhw ri uhjlrqdo gxpplhv/ d phdvxuh ri wkh iudfwlrq ri |rxqj shrsoh
+djhg ohvv wkdq 48,/ dowhuqdwlyh phdvxuhv ri wkh vl}h ri jryhuqphqw/ dqg duh qrw vhq0
vlwlyh wr h{foxvlrq ri frxqwulhv rqh dw wkh wlph1 Wkh uhvxowv duh vhqvlwlyh/ krzhyhu/
wr wkh fkrlfh ri vdpsoh1 Xvlqj uUAt wr udqn frxqwulhv rq d vfdoh iurp 043 +prvw
dxwrfudwlf, wr .43 +prvw ghprfudwlf,/ wkh uhvxowv duh urexvw wr h{foxglqj wkh prvw
dxwrfudwlf frxqwulhv +zlwk d vfruh ri 043 wr 0 7 +iru A-
t
dqg uC
t
, ru 043 wr 06 +iru
C
t
,1 H{foxglqj pruh frxqwulhv/ uhgxfhv wkh vljqlfdqfh ri wkh hvwlpdwhg frh!flhqwv
rq yrlfh exw wkh vljqv duh suhvhuyhg1 Wkh vdpsoh zlwk frxqwulhv wkdw vfruhv e ru
ehwwhu rq wkh uUAt lqgh{ h{foxghv frxqwulhv olnh ]lpedezh dqg Lqgrqhvld1 Wkh
prvw dxwrfudwlf frxqwulhv wkdw uhpdlq lq wklv uhvwulfwhg vdpsoh lv Furdwld/ Fdphurrq/
Hj|sw dqg Vlqjdsruh1
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